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A modified Ohm’s Law, derived from the conservation of deuterium and carbon ions and electron

momentum and the requirement for charge neutrality, yields an expression for the radial electric field,

Er, in the edge pedestal region in terms of the motional electric field due to the carbon and deuterium

ion rotation velocities as well as pressure gradients and the radial plasma current. This analytical

Ohm’s Law model for Er is first shown to be consistent with the conventional “experimental” electric

field calculated from the carbon radial momentum balance using experimental carbon rotation and

pressure gradient measurements when experimental profiles are used to evaluate the Ohm’s Law in

three DIII-D [Luxon, Nucl. Fusion 42, 614 (2002)] representative discharges (for L-mode, H-mode,

and Resonant Magnetic Perturbation operating regimes). In order to test the practical predictive ability

of the modified Ohm’s Law, the calculations were repeated using rotation velocities calculated with

neoclassical rotation models instead of measured rotation velocities. The Ohm’s Law predicted Er

using theoretical rotation velocities did not agree with the “experimental” Er as well as the Ohm’s

Law prediction using experimental rotation velocities, indicating that more accurate models for pre-

dicting edge rotation velocity are needed in order to have a validated predictive model of Er in the

plasma edge. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4973599]

I. INTRODUCTION

In the past few decades, much attention has been paid to

understanding the physical mechanisms behind H-mode con-

finement, the transition from L-mode, and the suppression of

cyclical magnetohydrodynamic instabilities called edge

localized modes (ELMs) through resonant magnetic pertur-

bations (RMPs), e.g., as discussed in Refs. 1–3. Establishing

the H-mode regime is attractive for a reactor scenario

because the enhanced power density allows for more eco-

nomically sized fusion devices. Therefore, understanding the

physical mechanisms behind the transition from L to H-

modes has been given priority on the path to ITER. The edge

pedestal, where sharp gradients in densities, temperatures,

velocities, and electric fields occur, has been identified as an

important region due to the dependence of the overall plasma

performance on edge parameters.4–8 Development of first-

principles models for the prediction of edge transport and

profile structures is still an active area of research.

Experiments have shown that the radial electric field is a

key parameter in the L-H transition,9 and an H-mode can

even be triggered through inducing a radial electric field in

the edge region using biased electrodes.10 The L-H transition

is observed to be associated with (i) an increased radial elec-

tric field shear which suppresses turbulence by reducing

radial correlation lengths, which is predicted to thereby

reduce thermal diffusivity,11,12 (ii) an inward non-diffusive

electromagnetic pinch13 generated by the change in Er and

associated change in poloidal rotation and other edge pro-

files. The structure and presence of the radial electric field

have not only been shown to be important in the L-H transi-

tion and the formation of the transport barrier,17 but have

also been suggested as a means of controlling other impor-

tant edge parameters such as intrinsic rotation.14–16

The primary purpose of this paper is to present a first-

principles formalism for the predictive calculation of the

radial electric field in the plasma edge, and the secondary

purpose is a comparison of this prediction with the values of

radial electric fields that can be inferred from experimental

measurements of the Cþ6 density, temperature, and velocity.

This “experimental” value of the radial electric field in the

plasma edge can be calculated from the radial momentum

balance for carbon using the measured Cþ6 rotation veloci-

ties and pressure gradient, and neglecting the collisional fric-

tion. In most circumstances, the “experimental” Er is smaller

(usually positive) in L-mode and ohmic discharges, and

larger (usually negative) in H-mode and Resonant Magnetic

Perturbation (RMP) ELM-suppressed discharges. When the

radial electric field is large in value and has a negative curva-

ture shape in the far edge region, intrinsic rotation appears in

conjunction with other external torque, which is stabilizing

for MHD mode instabilities.18

The radial momentum balance equations for all ion and

electron species can be summed to create a composite radial

momentum balance equation, which is the Ohm’s Law for

the plasma that can be solved to obtain a predictive expres-

sion for the radial electric field. The first objective of this

paper is to construct this Ohm’s Law and evaluate it using

experimental carbon and deuterium rotation velocities and

pressure gradients to demonstrate that the result is consistent

with the conventional “experimental” electric field calcu-

lated from the Cþ6 radial momentum balance.

To move towards a completely predictive model for the

radial electric field, each term in the Ohm’s Law equation

can be calculated from first principles. The dominant terms

in the Ohm’s Law are the ion rotation velocities and pressure

gradients. Assuming that radial ion pressure gradients are
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more readily calculated than ion toroidal and poloidal rota-

tion velocities, the quality of a predictive model for the

radial electric field using Ohm’s Law most likely depends

most sensitively on the quality of the predictive models for

ion toroidal and poloidal rotation. Thus, a second objective

of this paper is to repeat the Ohm’s Law calculation using

calculated toroidal and poloidal ion rotation velocities

instead of experimental rotation velocities and to compare

the two calculations (“first-principles” and “experimental”)

of the radial electric field.

The concept of a motional electric field in a moving

medium is well known from electromagnetic theory, and

MHD plasma theory has an Ohm’s Law relating the electric

field to U�B and pressure gradients.33,34 Previous research

uses the Ohm’s Law with rotation velocities calculated from

fluid momentum balance,30,31 which includes radial particle

fluxes from V�B forces. The important kinetic effects of ion

orbit loss (IOL) can be included in the calculation of fluid

radial ion fluxes, and therefore can be linked as a physical

mechanism that affects the structure of the radial electric

field determined from Ohm’ Law. A new methodology for

describing the physical relationships between ion orbit loss,

radial ion fluxes, rotation, and the radial electric field is pro-

posed towards the development of a semi-analytical predic-

tive model to calculate the radial electric field, as illustrated

schematically in Fig. 1.

The five steps in the Fig. 1 flow diagram illustrate the

necessary calculations required for a predictive Er: (1) Ion

orbit loss (IOL), (2) Radial particle flux, (3) Intrinsic rotation

from IOL, (4) Fluid rotation from momentum balance, and

(5) Radial electric field from momentum balance. The itera-

tive calculation is initiated by calculating ion orbit loss using

an estimated Er (e.g., the “experimental” radial electric field

when analyzing an experiment). The “experimental” radial

electric field is calculated from the radial carbon momentum

balance and can be evaluated using parameters that are all

directly measured. The fast neutral beam and thermal ion

orbit losses are then calculated and introduced into the conti-

nuity equation used to calculate the radial particle flux as

well as the velocity models through intrinsic rotation. To

maintain charge neutrality, a radial return current is required

to replace the ion orbit lost particles, and this inward current

also affects the radial particle flux. The net radial flow of par-

ticles drives rotation in both the poloidal and toroidal direc-

tions. This plasma rotation generates a motional radial

electric field that can be calculated from a modified Ohm’s

Law equation. This Ohm’s Law radial electric field then is

used to iterate the above calculations.

This paper is organized as follows: Section II extends

previous work by using a composite Ohm’s Law describing

the physics of the electrons, main ions, and impurity ions to

derive an expression for Er,
33 Section III checks the consis-

tency of the use of this Ohm’s Law expression by comparing

with the “experimental” radial electric field calculated from

the carbon radial momentum balance using experimental car-

bon measurements of density and rotation velocities, for low

collisionality H-mode, L-mode, and RMP discharges in

DIII-D, and Section IV investigates the use of the Ohm’s

Law Er model together with a theoretical rotation model

(instead of with experimental values of the rotation veloci-

ties) to obtain a predictive calculation of the radial electric

field in the plasma edge. The rotation model used in this

paper includes all of the aforementioned mechanisms such as

ion orbit loss, compensating return currents, and intrinsic

rotation in both the poloidal and toroidal directions in order

to treat all phenomena thought to be important to the deter-

mination of the radial electric field in the plasma edge.

We note that there have been many other computational

efforts to model the edge plasma, some incorporating more

detailed treatment of certain aspects than we are using in this

paper. Hamiltonian guiding center simulations like the XGC

suite show that a local radial electric field can be generated

inside the separatrix due to ion orbit loss,19–21 and some

Monte Carlo orbit following codes, such as ASCOT can give

predictions of some quantities in agreement with experimen-

tal observation.22 Full 2D fluid simulations for the SOL and

plasma edge, such as UEDGE and SOLPS5.0, have been

developed, which can also give reasonable agreement with

the experiment.23–27 Recent XGC0 simulations predict that

the steady state velocity distribution function in the far edge

region has an empty loss cone,21,28 which is postulated to be

closely interconnected with the structure of the radial electric

field and intrinsic rotation models14,15 used in this paper.

Some analytical estimates of the radial electric field have

been described by using toroidal velocity induced motional

electric fields29–32 using neoclassical theory.

II. A MODIFIED OHM’S LAW DETERMINATION OF THE
RADIAL ELECTRIC FIELD

The first velocity moment of the Boltzmann equation for

plasma species “i” describes the vector momentum balance

equation

mi

@ nivið Þ
@t

þr �Mi � niei Eþ vi � Bð Þ ¼ F1
i þ S1

i ; (1)

where M is the (inertial plus pressure) stress tensor, E is the

electric field, vi is the average fluid velocity for species “i,”

B is the magnetic field, F1 is the collisional friction term,

and S
1 is the source first velocity moment. Following

Section 5.2 of Ref. 33, Eq. (1) is multiplied by ei/mi and

FIG. 1. Proposed methodology for calculating the radial electric field, and

its qualitative relationship to key other edge parameters such as ion orbit

loss, intrinsic rotation, radial particle flux, and rotation velocities.
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summed over all species with the following assumptions: (1)

me/mi � 1 for “i” 6¼ “e,” (2) the Lorentz friction model,

Fi;j ¼ �nimi�i;jðvi � vjÞ, (3) time independence, (4) negligi-

ble inertia and viscosity, (5) charge neutrality, and (6) no

external radial source,33 to reduce to the charge-weighted

fluid momentum balance equation

1

neee
rpe ¼ Eþ u� Bþ 1

neee
j � B� gj; (2)

where u is the common mass velocity of all species present.

Stress contributions to the electron momentum balance have

been neglected in arriving at Eq. (2) because they are unim-

portant in the radial (normal to the flux surface) component

of Eq. (2), which is the relevant direction for the calculation

of Er. (However, these electron stress contributions are

important for determining bootstrap current of Eq. (2), which

lies within the flux surface35). To the lowest order in me/mi,

there are also additional motional electric field terms associ-

ated with individual ion species fluid velocities differing

from the average ion species velocity u, and it is assumed

that such terms may be neglected relative to the u� B and

j � B terms.

For the lowest order, the pressure is constant along flux

surfaces

rp ¼ rðpe þ pj þ pkÞ ¼ j � B; (3)

where species “j” is now defined to be deuterium, species

“k” is the carbon impurity, and electrons are represented by

the “e” subscript. With these assumptions as well as

ee¼�ej, the radial component of Eq. (2) can be further sim-

plified to be defined in terms of solely the two ion species

while still maintaining the physics of the electron population

EOhm
r ¼ EX

r þ EU�B
r þ Erp

r

¼ g?;Spitzerjr � u� Bð Þr þ
1

ej nj þ zknkð Þ
rr pj þ pkð Þ;

(4)

where the Spitzer perpendicular resistivity36 is defined as

g?;Spitzer ¼ 1:03� 10�4Zef f lnðKÞ=T3=2
e : (5)

The first term on the right in Eq. (6) is small for most reason-

able values of radial return currents. The velocities and pres-

sure gradients can be written explicitly to obtain the final

version of the modified Ohm’s Law radial electric field,

which will be used in Section IV for comparison to

experiment

EOhm
r ¼ g?;Spitzerjr �

Vh;jB/ � V/;jBh

1þ nkmk=njmj
� Vh;kB/ � V/;kBh

1þ njmj=nkmk

�
pjL
�1
pj þ pkL�1

pk

ej nj þ zknkð Þ
: (6)

Here, V/ is the toroidal velocity, Vh is the poloidal velocity,

and the pressure gradient scale length for each species is

defined as L�1
p ¼ � 1

p
@p
@r. A radial current is required by

charge neutrality to compensate for ion orbit lost particles

for both thermal and fast ions. Assuming that the compensat-

ing current is comprised of the thermalized main ion spe-

cies,29 the total inward current jr can be defined by

jr ¼ jthermal
r;IOL þ jnbi

r;IOL; (7)

where the first term is the compensating current for the ion

orbit loss of thermalized plasma ions, and the second term is

the compensating current for the fast neutral beam ions that

are ion orbit lost. The divergence of compensating radial

return currents must exactly replace the ion orbit lost par-

ticles to maintain charge neutrality by conserving r � j ¼ 0

for all ions (fast plus thermalized).

The ion orbit lost particles are calculated37–39 by conser-

ving (1) canonical toroidal angular momentum, (2) energy,

and (3) magnetic moment. These ion orbit losses can be used

to calculate cumulative loss fractions of the outflowing plasma

particles, momentum, and energy.37–39 A similar calculation

is performed for fast neutral beam ions, but using mono-

energetic and mono-directional ions.39 Note that this calcula-

tion is applicable for any lost particles such as impurities and

alpha particles, where the latter are neglected here but could

be important in the consideration of future reactors.

One primary purpose of this paper is to check the consis-

tency of the modified Ohm’s Law expression for Er in Eq. (6)

using the best available information about the rotation and

pressure profiles, with the usual “experimental” electric field

calculated by using the radial carbon measurements of den-

sity, temperature, and velocities in the carbon radial momen-

tum balance equation. A secondary purpose is to extend the

Ohm’s Law expression for Er towards a first principles predic-

tive model by including predictive models for both the carbon

and deuterium poloidal and toroidal rotation velocity profiles

in the plasma edge, whose inter-relationships with other

important edge pedestal quantities are described in Fig. 1.

III. CONSISTENCY OF RADIAL ELECTRIC FIELDS
CALCULATED FROM MODIFIED OHM’S LAW AND
CARBON RADIAL MOMENTUM BALANCE USING
EXPERIMENTAL VELOCITIES AND PRESSURE
GRADIENTS

This section demonstrates that the Ohm’s Law expression

of Eq. (6), when evaluated with data either measured or con-

structed directly from measured data and conservation laws,

predicts a value of the radial electric field that agrees with the

conventional “experimental” electric field constructed by

using measured carbon density, temperature, and rotation

velocities in the carbon radial momentum balance equation

Eexp
rc ¼

1

Zcenc

@pc

@r
� VhcB/ þ V/cBh: (8)

Note that the radial friction term, which led to the gjr term in

Eq. (6), has been neglected in writing Eq. (8), as is a standard

practice in defining the “experimental” radial electric field

given by Eq. (8). It is clear that if the carbon pressure gradi-

ent and rotation velocities are measured, Eq. (8) provides a

means to evaluate the value of the radial electric field. Note
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that a similar equation can be written for the radial momen-

tum balance for every ion species (even those present only in

trace amounts) and the electron species in the plasma and

that the radial electric field appearing in all the equations is

the same quantity. When the radial friction term is retained

in Eq. (8) and this equation is summed over all the ion spe-

cies present plus the electrons the overall radial force bal-

ance on the plasma, the Ohm’s Law of Eq. (6), is obtained.

With the Spitzer resistivity having a very small value due to

the high plasma conductivity, the radial friction term in the

Ohm’s Law equation remains small in the present analysis,

but may be found to be important in some circumstances.

In DIII-D, the carbon density, temperature, and rotation

velocities are measured by the Charge Exchange

Recombination (CER) system,40 which allows Eexp
rc to be

constructed from measured data. When deuterium velocities

are also measured by CER, and electron densities are also

measured by the Thomson Scattering system,41 then it is pos-

sible to evaluate Eq. (6) for EOhm
r using the experimental

rotation profiles. However, deuterium velocities are not usu-

ally measured, and must be constructed from momentum

conservation laws evaluated with measured data and with

supplementary calculations.

Three DIII-D discharges are chosen for the consistency

comparison of the radial electric field calculated from the

Ohm’s Law of Eq. (6) with the radial electric field con-

structed from carbon measurements using Eq. (8). In two of

these discharges, the main ion (deuterium) toroidal rotation

velocities were not measured and had to be estimated using a

perturbation calculation, but in one of the discharges there

were direct main ion CER42,43 measurements of deuterium

toroidal rotation velocities. Section III A describes the

discharges, Section III B describes the perturbation method-

ology for calculating the deuterium toroidal and poloidal

rotation when it is not measured, and Section III C compares

the prediction of the modified Ohm’s Law expression for

EOhm
r of Eq. (6) with the value Eexp

rc calculated from using

carbon measurements in Eq. (8).

A. Measured data from L-mode, H-mode, and RMP
DIII-D discharges

Three DIII-D discharges described in Table I were cho-

sen to validate the determination of the radial electric field

using the Ohm’s Law expression derived in Eq. (6).

Sister shots #12330(1/2) are typical lower single null

(LSN) RMP/H-mode discharges that have been used for

many theoretical analyses of experiment.44–47 These dis-

charges have similar operating and background plasma prop-

erties, with the primary difference being that the RMP shot

is ELM suppressed using even parity n¼ 3 3D magnetic

fields produced from a 3.2 kA current in the I-coils. The

upper single null (USN) L-mode shot #149468 was designed

specifically for rotation physics analyses,42,43 and therefore

has main ion rotation data available, which was the primary

reason for its inclusion in this set. All three shots have edge

region collisionalities,48 ��i � 0:03� 0:052.

The radial profiles of measured electron and ion temper-

atures, as well as electron densities, are shown in Figs. 2 and

3 for the three shots.

Electron density is measured by Thomson scattering and

a multi-channel CO2 interferometer, and electron tempera-

ture is also measured by Thomson scattering. The ion tem-

peratures and carbon densities are measured from the CER

system. Other measured profiles include carbon velocities

for shots #12330(1/2) and #149468, and deuterium velocities

for #149468, shown in Fig. 4.

Measured carbon densities, temperatures, and velocities

are used in Eq. (8) to calculate the “experimental” radial

electric field shown in Fig. 5. This radial electric field profile

will be the baseline for the modified Ohm’s Law calculation

comparison with the experiment.

TABLE I. Description of DIII-D discharges.

Shot # Mode a d j Ip Bu Pbeam q95 Divertor

123302 H-mode 0.6 m 0.37 1.8 1.5 MA �1.98 T 7.6 MW 3.86 LSN

123301 RMP 0.6 m 0.27 1.8 1.5 MA �1.98 T 7.6 MW 3.74 LSN

149468 L-mode 0.57 m 0.3 1.7 1.2 MA �2.0 T 5.5 MW 4.04 USN

FIG. 2. (a) Measured ion temperature profiles. (b) Measured electron temperature profiles.
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B. Calculation of deuterium rotation profiles based on
measured data

In order to evaluate the Ohm’s Law Eq. (6) for the

radial electric field to compare for consistency against the

“experimental” electric field calculated from the carbon

radial momentum balance of Eq. (8), which is shown in Fig.

5, it is necessary to know the carbon rotation velocities as

well as the deuterium rotation velocities, where the latter

are only measured for one of the three discharges analyzed

in this paper. The measured carbon rotation velocities for

the H-mode and RMP discharges are supplemented with a

perturbation theory estimate of the deuterium toroidal rota-

tion (and of the radial momentum transport frequencies

introduced in this section).

1. Toroidal rotation

In order to reduce the toroidal momentum balance equa-

tion to a computationally tractable form, the substitution

hR2r/ � r �Mi ¼ Rnmð�visc þ �inertÞV/, (where �visc and

�inert are suitably defined radial transport frequencies of

toroidal angular momentum49–51) is used in Eq. (1).

Employing a Lorentz friction model, the toroidal component

of the momentum balance of Eq. (1) for main ion species “j”

may then be written

BhejCrj þ njejE/ ¼ njmj�djV/j þ njmj�jkðV/j � V/kÞ �M/j:

(9)

This formalism also describes impurities, which will be rep-

resented by the “k” subscript, by interchanging “j” and “k”

subscripts. The viscosity and inertial radial momentum

transport frequencies are included in the composite toroidal

momentum transfer frequency, �dj ¼ �visc;j þ �inertia;j

þ �atomic;j þ �anom;j, which multiplies the main ion toroidal

momentum to represent the toroidal momentum exchange

rate due to toroidal viscosity, toroidal inertia, atomic physics

(ionization and charge exchange), and anomalous processes

such as turbulence. The toroidal component of the external

momentum source, M/j ¼ S1
j;/, in Eq. (9) is comprised of

neutral beam ions in these calculations, but can also include

other external or effective internal momentum sources (e.g.,

ion orbit momentum loss can be expressed as an effective

momentum source, but is treated as an equivalent intrinsic

rotation52 for this analysis).

If the hR2r/ � r �Mi ¼ Rnmð�visc þ �inertÞV/ represen-

tation is valid and if the radial momentum transport frequen-

cies �visc and �inert are known along with the charge

FIG. 3. Measured electron density profiles.

FIG. 4. (a) Measured toroidal velocity profiles. (b) Measured poloidal veloc-

ity profiles. (Deuterium poloidal velocity calculated from D radial momen-

tum balance.)

FIG. 5. Experimental radial electric fields for all shots calculated from the

carbon radial momentum balance equation (Eq. (8)).
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exchange and ionization frequencies �atom ¼ �ex þ �ion and

any “anomalous” momentum transport frequencies �anom,

then the two Eq. (9) for “j”¼ deuterium and “k”¼ carbon

can be solved for the carbon and deuterium toroidal rotation

velocities. Presuming that the ion pressure gradients can be

calculated, Eq. (6) then would be a first-principles predictive

calculation of the radial electric field. Conversely, if the rep-

resentation is valid and the toroidal rotation velocities are

measured, then the two Eq. (9) can be solved for the carbon

and deuterium radial momentum transport frequencies �dj

and �dk from which the �visc þ �inert term can be inferred.

Regarding the validity of the hR2r/ � r �Mi ¼ Rnm
ð�visc þ �inertÞV/ representation, it has been shown that

both the “perpendicular” viscosity and “gyroviscosity” com-

ponents of neoclassical theory have this form49 and that the

remaining neoclassical “parallel” viscosity component van-

ishes identically on the flux surface averaging.50,51 While com-

parison of the solutions of Eq. (9) using the neoclassical

gyroviscous �d ¼ �gyro has yielded reasonable agreement with

measured carbon rotation velocities in the core plasma for

many DIII-D shots,53,54 the agreement in the edge plasma is

not good, indicating that other viscosity mechanisms are

involved. In fact, the presence of non-axisymmetric radial

magnetic field components has been shown to be impor-

tant.50,51 The authors are not aware of any other viscosity mod-

els that have achieved comparable or better agreement with

measured toroidal rotation velocities. Thus, this representation

is used to calculate deuterium toroidal rotation velocity in

order to test the consistency of the Ohm’s Law calculation of

the radial electric field, with the caveat that this representation

might be improved by future developments. For the purposes

of the present analysis, the �d will be calculated from Eq. (9)

written for both the main and impurity ions if the rotation

velocities are measured for both species, or estimated from

perturbation theory if only the carbon rotation is measured.

The radial particle flux, Crj, is determined by the conti-

nuity equation and appears in the toroidal momentum bal-

ance equation via V�B forces. This Crj is calculated from a

continuity equation for the thermalized ions that includes

corrections for both thermal and fast beam ion orbit losses

@Crj

@r
¼ n�ion þ Snbi 1� af IOL

f ast

� �
� aCrj

@FIOL
therm

@r
: (10)

The first term on the right hand side describes the particle

source from ionization, which is the dominant term in the

edge. The second term is the neutral beam injection source

to the thermalized ion distribution, reduced by the prompt

fast IOL losses of the fast beam ions produced by the charge-

exchange or ionization of the neutral beam particles, and the

third term is the particle sink due to ion orbit loss of thermal-

ized ions. The multiplier a represents the return current used

in the model to maintain charge neutrality, where a ¼ 1

denotes no return current and a ¼ 2 represents an inward

current of particles with divergence exactly equal to that pro-

duced by ion orbit loss. For the calculations in this article,

Eq. (10) has been solved using a ¼ 2. A similar equation can

be written for the impurity species, but is neglected in

this work. Relative to earlier work37 in which the continuity

equation was first solved for Crj without taking IOL into

account and then reduced by 2Ftherm
IOL Crj at each radial loca-

tion, Eq. (10) now more accurately reduces Crj at each radius

by the differential IOL loss at that radius in calculating the

radial particle flux.

The particle loss fractions, f IOL
f ast and @

@r FIOL
therm, represent

the fractions of neutral beam source ions and thermalized ion

flux, respectively, instantaneously leaving the plasma due to

ion orbit loss. To maintain charge neutrality, we assume (fol-

lowing Ref. 29) that there must be an inward compensating

return current from the scrape off layer with divergence at

every radius equal in magnitude to the lost charge from ion

orbit loss in the differential interval dr at location r. The

combined effects of instantaneous particle losses plus the

inward return current result in twice the reduction of the

radially outward particle flux due to ion orbit loss alone (and

hence the multiplier of 2 in the ion orbit loss terms in the

continuity equation). The authors note that Ref. 55 assumes

that charge neutrality is maintained by the expulsion of elec-

trons by an unspecified anomalous process, in which case

there would be no compensating inward current of thermal

ions and a ¼ 1 would be assumed for evaluating Eq. (10);

however, a ¼ 2 is considered to be more physically plausible

and used for this analysis. A detailed discussion of the calcu-

lation of these loss fractions can be found in Refs. 37–39,

and 52.

To determine the motional component, EU�B
r ; toroidal

and poloidal rotation velocities are required for both ion spe-

cies. The total experimental velocity is represented by the

fluid velocity obtained by solving the fluid momentum bal-

ance equations, Vf luid
/j , plus a kinetic intrinsic rotation,

DVIOL
/j , that arises because of the preferential ion orbit loss of

thermalized counter-current ions37,56

Vexp
/j ¼ Vf luid

/j þ DVIOL
/j ; (11)

DVIOL
/j ¼

2B/

B
ffiffiffi
p
p

ð1
�1

dn0

ð1
V0;min

V0n0ð ÞV2
0 f V0ð Þ dV0: (12)

Equation (12) results37,38 from using conservation of canoni-

cal angular momentum, energy and magnetic moment to

determine the minimum speed, V0minðn0Þ, for which an ion

on an internal flux surface with direction cosine n0 with

respect to the magnetic field must have in order to be on an

orbit that will reach the separatrix. All ions with V0ðn0Þ >
V0minðn0Þ are assumed to leave the plasma, half of which are

estimated not to return. In effect, a Maxwellian distribution,

f(V0) truncated above V0minðn0Þ due to ion orbit loss, is

assumed for the thermalized ion distribution in order to cal-

culate the variation in the loss fraction for the distribution

function with radius.37 Realistic flux surface geometry is

used to account for poloidal asymmetries in the ion orbit loss

and intrinsic rotation calculations. The calculation for intrin-

sic rotation qualitatively and quantitatively agrees with at

least two DIII-D discharges exhibiting co-current toroidal

velocity peaking14,16 just inside the separatrix.

First order perturbation theory is utilized to determine

an “experimental” deuterium toroidal fluid velocity, which
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satisfies the momentum balance equations, as well as drag fre-

quencies, �dj and �dk, from the measured carbon velocity

profile57

Vf luid
/j ¼ Vf luid

/k þ DVpert
/ : (13)

Eq. (11) is then used to obtain the total deuterium velocity

Vexp
/j ¼ ðV

exp
/k � DVIOL

/k þ DVIOL
/j Þ þ DVpert

/ : (14)

The perturbation theory57 is developed first by summing the

toroidal momentum balance Eq. (9) for both species, and

defining a composite toroidal momentum transport fre-

quency, �ef f
d

�ef f
d �

njmj�dj þ nkmk�dk

njmj þ nkmk
¼

njejE/ þ ejBhCrj þM/jð Þ þ nkekE/ þ ekBhCrk þM/kð Þ � njmj�djDVpert
/

njmj þ nkmkð ÞV/k
: (15)

Initially setting the small parameter DVpert
/ to zero results in the zeroth order approximation of the composite drag frequency,

�0
d , which can be used for both species in Eq. (15) to obtain a toroidal perturbative quantity, DVpert

/ ¼ V/j � V/k, which

depends on the measured carbon toroidal velocity along with other measured parameters

DVpert
/ ¼

njejE/ þ ejBhCrj þM/jð Þ � njmj�
0
djV/k

njmj �jk þ �djð Þ
: (16)

Continuing the perturbation analysis, it is found that the main ion species drag is

�dj ffi �0
d ¼

njejE/ þ ejBhCrj þM/jð Þ þ nkekE/ þ ekBhCrk þM/kð Þ
njmj þ nkmkð ÞV/k

; (17)

and the carbon impurity drag frequency is

�dk ffi
nkekE/ þ ekBhCrk þM/kð Þ þ nkmk�kjDVpert

/

nkmkV/k
: (18)

It is important to note that the perturbation theory

assumes that the difference in the deuterium and carbon

fluid velocities is small. Iteration to find a simultaneous

solution for the perturbation value and the drag frequency

converges on a solution for which jDV/=V/kj � 1, which is

consistent with the use of perturbation techniques for these

discharges.

The L-mode discharge can be used as a check of the per-

turbation theory since both deuterium and carbon toroidal

velocities are directly measured. The “fluid” velocity obtained

for deuterium by subtracting the intrinsic rotation (Vf luid
/j

¼ Vexp
/j � DVIOL

/j ) in Fig. 6 shown in solid circles is in good

agreement with the perturbation theory calculation (Vf luid
/j

¼ Vf luid
/k þ DVpert

/ ) shown in diamonds.

2. Poloidal rotation

Perturbation theory is not appropriate for estimates of

poloidal velocity profiles because calculated deuterium

poloidal rotation can be quite different than that of the car-

bon impurity. For the purposes of evaluating Eq. (6) with

velocities as close as possible to actual values, the radial

momentum balance equations for deuterium and carbon are

used. The deuterium poloidal velocity is defined by the radial

deuterium momentum balance

Vhj ¼
1

B/
BhV/j � Eexp

rc þ
1

njej

@pj

@r

� �
; (19)

using the usual experimental radial electric field defined by

the carbon radial momentum balance, Eq. (8), evaluated

entirely with measured parameters (see Fig. 5).

By combining Eqs. (8) and (19), an expression for the

“experimental” deuterium velocity can be constructed from

the radial momentum balances for the two species

Vhj ¼ Vhk �
1

B/

1

ejnj

@pj

@r
� 1

eknk

@pk

@r

� �
þ Bh

B/
Vexp

/j � Vmeas
/k

� �
:

(20)

Both measured and estimated rotation velocity profiles for

carbon and deuterium are summarized in Fig. 7.

To reiterate, the deuterium rotation velocities for the H-

mode and RMP discharges are estimated, but the L-mode

discharge deuterium velocity is measured.

C. Consistency of Ohm’s law ER with carbon radial
momentum balance ER both using experimentally
determined velocities and pressure gradients

Using the estimated deuterium velocities and measured

data discussed in Sec. III B, the modified Ohm’s Law

012505-7 Wilks, Stacey, and Evans Phys. Plasmas 24, 012505 (2017)



prediction of Er in Eq. (6) can be evaluated and compared to

the experimental radial electric field derived from the carbon

radial momentum balance equation, Eq. (8). Figure 8 illus-

trates that the radial electric field in the edge pedestal region

calculated using Eq. (6) agrees with the value determined by

using carbon measurements in Eq. (8) for various operating

regimes, provided that correct values for the rotation veloci-

ties are used. Calculations for all three discharges capture

the correct structure of the electric field, while exhibiting

only slight errors in magnitude. This agreement over a range

of operating regimes is considered a confirmation of the con-

sistency of the Ohm’s Law expression for Er given by Eq.

(6) with the more familiar carbon radial momentum balance

“experimental” electric field of Eq. (8).

Figure 9 compares the contributions from the experi-

mental toroidal velocity, poloidal velocity, and pressure

FIG. 6. Comparison of perturbation theory to experimental and fluid (no

IOL effects of intrinsic rotation) velocities for L-mode shot #149468.

(Reproduced from Stacey and Grierson, Nucl. Fusion 54, 073021 (2014).

Copyright 2014 IOP Publishing.)

FIG. 7. “Experimental” veloci-

ties for carbon and deuterium

for (a) and (b) H-mode shot

#123302 (c) and (d) L-mode

shot #149468 (e) and (f) RMP

shot #123301.

FIG. 8. The Ohm’s Law (Eq. (6)) expression for radial electric field agrees

with the carbon experimental value (Eq. (8)) for the three DIII-D shots.
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gradient terms in Eq. (6) for the H-mode shot. Note that each

component has a contribution from both the carbon and deu-

terium species.

For this H-mode discharge, the deep “well” characteristic

of typical RMP and H-mode shots is correlated with the poloi-

dal velocity profiles for both species used in the modified

Ohm’s Law calculation of Eq. (6), while the pressure gradient

contribution acts to shift the entire profile in the negative

direction. While it is generally accepted that the radial electric

field component due to the pressure gradient is important and

has been seen in other machines such as ASDEX-U,58 this

result illustrates the importance of the radial electric field

component produced by a rotating plasma, or the “motional”

electric field, which emphasizes the requirement that analyti-

cal models for the toroidal and poloidal velocities are required

for both species. Similar results for the role of the motional

radial electric field have also been characterized for B5þ and

He2þ plasmas in ASDEX-U,58 as well as the RMP discharge

discussed in this paper.

IV. TOWARDS A PREDICTIVE OHM’S LAW MODEL
FOR THE RADIAL ELECTRIC FIELD

Theoretical velocity models for both toroidal and poloidal

directions are discussed in this section in order to be used in a

predictive first principles calculation of the radial electric field

using the modified Ohm’s Law methodology illustrated by

Fig. 1. Since the carbon ion velocities are usually measured,

the theoretical calculation of velocity can be compared to

experimental profiles; however, the theoretical calculation of

deuterium velocity profiles will be compared to the perturba-

tion theory calculation from Section III B of this paper.

A. Predictive toroidal rotation model

The toroidal momentum balance from Eq. (9) for both

species can be simultaneously30 solved for Vf luid
/j=k . The

experimental velocity predictions are obtained from

Eq. (11)

Vexp
/j ¼

ejBhCrj þM/j þ njejE/

njmj �jk þ �djð Þ

" #
þ �jk

�jk þ �dj

ekBhCrk þM/k þ nkekE/

nkmk �kj þ �dkð Þ

" #

1� �jk�kj

�jk þ �djð Þ �kj þ �dkð Þ

þ DVIOL
/j ; (21a)

Vexp
/k ¼

ekBhCrk þM/k þ nkekE/

nkmk �kj þ �dkð Þ

" #
þ �kj

�kj þ �dk

ejBhCrj þM/j þ njejE/

njmj �jk þ �djð Þ

" #

1� �jk�kj

�jk þ �djð Þ �kj þ �dkð Þ

þ DVIOL
/k : (21b)

Equation (21) involves similar parameters to those

described in Section III of this paper, with ion orbit loss

accounted for in the radial particle flux, Crj, and the viscous

drag frequencies. The net carbon radial particle flux, Crk, is

set to zero in this work based on the argument that the

inward flux due to sputtering and recycling must be equal to

the outward flux, in equilibrium with no internal carbon

source. The structure of the toroidal velocity profiles is deter-

mined by drive terms for each species (in the numerator),

which are comprised of radial particles fluxes, external

momentum terms, and interspecies (�jk=kj) and viscous (�dj=k)

momentum transfer frequencies, all of which can be affected

by ion orbit loss. The viscous drag frequencies for the H-

mode and RMP discharges are inferred from perturbation

theory as described in Eqs. (15)–(18), but calculated directly

from measured parameters in the toroidal momentum bal-

ance equation for the L-mode discharge for which there is

measured deuterium velocity data. Figure 10 compares two

versions of the calculated velocities of Eq. (21) with the

experimentally measured velocities for carbon and the calcu-

lated perturbation theory profiles for deuterium. Theoretical

deuterium velocity with IOL includes the addition of the

intrinsic rotation term, DVIOL
/ , and the velocity with “no

IOL” does not.

FIG. 9. Pressure and motional components of radial electric field calculated

by the modified Ohm’s Law Eq. (6) for H-mode shot #123302.
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The momentum balance based model for toroidal veloc-

ity can predict the order of magnitude and general profile

trends seen in the experiment. The explicit experimental pro-

file structure is captured in the theoretical model without

intrinsic rotation. However, while the theoretical model

including intrinsic rotation includes more consistent inclu-

sion of IOL physics into the momentum balance equations, it

is seen to require further development in implementation.

The upward shift in the profile near q¼ 0.95 is due to the

increase in co-current rotation from preferential loss of

counter-current thermalized particles in the edge pedestal

region. The intrinsic rotation effects are smaller for the car-

bon impurity due to the larger mass of the ion compared to

deuterium, even though the total fraction of lost particles is

similar for the two species.16 In this calculation, it is

observed that the velocity profiles are extremely sensitive to

the structure of the intrinsic rotation profile, but not as sensi-

tive to the particle loss fraction profiles taken into account in

the radial particle flux, Crj. This implies that the calculation

of the directionality dependence of the ion orbit loss is quite

important to the predictive models for velocities, and hence

the radial electric field. Intrinsic rotation has similar effects

in the RMP and L-mode discharges for the theoretical toroi-

dal velocity calculations because there is still preferential

loss of counter-current particles in these discharges.

B. Predictive poloidal rotation model

The poloidal momentum balance equation can be writ-

ten for both species using the Stacey-Sigmar form for paral-

lel viscosity59,60 in an axi-symmetric plasma with an

external momentum source due to ion orbit loss,30 which

takes a similar form to Eq. (22)

�visc;j þ �jk þ �atom;jð ÞVhj � �jkVhk

¼ �B/
ej

njmj
Crj � �visc;j

KjTjL
�1
Tj

ejB2

 !
þMhj; (22)

where �visc;j ¼ qfjVth;j=R , fj ¼ ��
3
2��jjð1þ ��

3
2��jjÞ 1þ ��jj

� �
,

��jj ¼
�jjqR
Vth;j

, and the Hirshman-Sigmar coefficients32,61,62 are

used to define Kj ¼ lj
01

lj
00

. The two momentum balance equa-

tions for carbon and deuterium can be solved simultaneously

for Vhj=k and superimposed with the kinetic intrinsic rotation

effects to yield the predictive model expressions

Vhj ¼
�B/=�hj �visc;j

KjTj

ejB2 L�1
Tj
þ ej

njmj
Crj

� �
þ �jk

�hk
�visc;k

KkTk

ekB2
L�1

Tk
þ ek

nkmk
Crk

� �" #

1� �jk�kj

�hj�hk

� � þ DVIOL
hj ; (23a)

Vhk ¼
�B/=�hk �visc;k

KkTk

ekB2
L�1

Tk
þ ek

nkmk
Crk

� �
þ �kj

�hj
�visc;j

KjTj

ejB2
L�1

Tj
þ ej

njmj
Crj

 !" #

1� �kj�jk

�hk�hj

� � þ DVIOL
hk : (23b)

The poloidal composite momentum transfer frequency, �hj ¼
�visc;j þ �atom;j þ �jk þ �anomh;j ; depends on poloidal viscos-

ity, atomic physics, interspecies collisions, and anomalous

transport processes. Previously, intrinsic rotation due to ion

orbit loss has never been included in poloidal velocity

models.

Comparing the theoretical poloidal velocity models with

the experiment for the H-mode discharge, Fig. 11 again

shows an order of magnitude agreement in profile trends, but

some difference in the specific profile structure. In contrast

to the toroidal velocity model, the inclusion of intrinsic rota-

tion improves the agreement of the poloidal velocity predic-

tion with the experiment in this case.

Because of a preferential loss of particles in the counter

current direction, it is seen in Fig. 10 that the toroidal veloc-

ity increases in magnitude because of intrinsic rotation.

However, Fig. 11 shows that the poloidal velocity decreases

with intrinsic rotation due to the helicity of the magnetic

FIG. 10. Effects of ion orbit momentum loss induced intrinsic rotation on H-

mode theoretical toroidal velocity profiles. Ion orbit loss particle loss frac-

tions, which arise in the radial particle flux are accounted for in all cases.
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field lines in a tokamak with the plasma current in the oppo-

site direction to the toroidal magnetic field, which is the case

for this H-mode discharge (as well as the RMP and L-mode

shots considered). The negative contribution of ion orbit loss

to the poloidal velocity along with the negative pressure gra-

dient term results in the negative “well” structure of the

radial electric field. It has been shown that intrinsic rotation

occurs in the co-current direction in situations with the toroi-

dal magnetic field and the current the same direction.

Therefore, analyzing discharges with various current and

magnetic field configurations may shed light on the inclusion

of intrinsic rotation in future models.

C. Predicted radial electric field in an H-mode dis-
charge compared to the experiment

The above theoretical models for toroidal and poloidal

velocities can be used to evaluate the modified Ohm’s Law

Er of Eq. (6) to predict a radial electric field. The predictive

radial electric field calculation (using theoretical velocities)

compared to the experiment in Fig. 12 shows good agree-

ment in the overall trend and order of magnitude, but some

disagreement in the depth and location of the radial electric

field “well.” By comparison, the use of the measured veloci-

ties in Eq. (6) leads to a prediction in much better agreement

with Eq. (8).

Figure 12 accentuates the importance of plasma rotation,

and hence all processes affecting rotation, on the generation

of the radial electric field. In order to analyze where the pre-

sent model breaks down, the theoretical model is decom-

posed into the separate velocity and pressure components to

compare with the experiment in Fig. 13. It is seen that the

differences in both the theoretical poloidal and toroidal

velocity profiles from the experiment contribute to the differ-

ence in structure of the radial electric field “well,” but the

largest difference is due to the poloidal velocity. Similar

results are found with the RMP and L-mode discharges; the

rotation profiles cause the radial electric field “well” to be

under-predicted (or offset in the L-mode case) using the the-

oretical model when compared to the experiment. This line

of investigation will be continued in future work with a

detailed comparison of the theoretical predictions of poloidal

and toroidal velocities with experimental measurements as

the latter are expected to become available experimentally in

the near future.

V. DISCUSSION

A modified Ohm’s Law calculation of the radial electric

field has been formulated with the goal of developing a first-

principles predictive model. The Ohm’s Law formalism is

based on a multi-fluid momentum balance model that

employs a Lorentz friction model for two plasma species.

FIG. 12. Theoretical radial electric field calculated from the modified

Ohm’s Law Eq. (6) compared to experimental radial electric field calculated

from the radial carbon momentum balance Eq. (8).

FIG. 11. Effects of ion orbit momentum loss induced intrinsic rotation on H-

mode theoretical poloidal velocity profiles. (Ion orbit loss particle loss frac-

tions, which arise in the radial particle flux are accounted for in all cases.)

FIG. 13. Comparison of the theoretical radial electric field components of

toroidal velocity, poloidal velocity, and pressure gradient to experimental

components.
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The Ohm’s Law Er prediction has been shown to be consis-

tent with the usual “experimental” carbon radial momentum

balance evaluation of Er in three DIII-D discharges of repre-

sentative H-mode, RMP, and L-mode plasmas, when values

of rotation velocities obtained from the experiment were

used. The Ohm’s Law Er calculation is rapid due to its semi-

analytical nature, and can be extended to a first principles

predictive calculation by using improved predictive edge

rotation velocity models, when such become available,

which include effects of ion orbit loss, intrinsic rotation, and

return currents.

Although the main purpose of this research is to present

and test a first-principles predictive model for the radial elec-

tric field in the tokamak plasma edge, the issue naturally

arises as to whether such a model could also be used to deter-

mine the radial electric field in experiments, and if it would

be more accurate for this purpose than the method of Eq. (8)

of using the measured Cþ6 density, temperature, and rotation

velocities in the carbon radial momentum balance. This

paper illustrates primarily that the calculation models for the

ion rotation velocities that are needed to evaluate the predic-

tive model for Er must be improved to improve the Er predic-

tion, in particular, the important motional electric field

component; and secondarily that the predictive Er model of

this paper requires accurate calculation of ion rotation mod-

els and ion pressure gradients. Furthermore, the difference

between the interpretive and predictive natures of these

radial electric field calculations is highlighted. The interpre-

tive “experimental” calculation uses Cþ6 measurements of

density, temperature, and rotation to evaluate Er from the

carbon radial momentum balance; the predictive Er model of

this paper uses the summed radial momentum balances for

all ion species and electrons.

It has been shown that both toroidal and poloidal veloci-

ties, as well as intrinsic rotation effects in both directions,

are important to the radial electric field calculation, as are

the usual ion pressure gradient terms (which were taken

from the experiment for this research). This analysis shows

that neoclassical velocity profiles calculated from axi-

symmetric, momentum based fluid models with kinetic cor-

rections for ion orbit loss can yield reasonable results in

DIII-D discharges in predicting the general trends and mag-

nitudes of the radial electric field; however, improvements in

the predictive toroidal and poloidal rotation models in the

edge plasma are clearly needed. A breakdown of the differ-

ent components of the radial electric field calculation shows

that for better accuracy in the and location of the radial elec-

tric field well, improvement in the predictive velocity pro-

files, particularly in the poloidal direction, needs to be made.

One likely mechanism for improving both toroidal and

poloidal velocity models is to account for toroidal non-

axisymmetry in the fluid viscosity.63 This would inherently

change the structure of the momentum balance equations by

nonlinearly coupling the poloidal and toroidal components

through viscous drag frequency models.50,51

Two significant assumptions of the models used in this

paper are that the ion orbit loss compensating return current

consists entirely of the main Dþ ions and that the net radial

particle flux of the carbon impurity ions is negligible because

the plasma is in equilibrium, with no internal carbon source,

so that the outward carbon flux balances the inward carbon

flux from the scrape off layer. Comparison of the present

model to XGC0 calculations (in progress) may shed light on

how to further improve the present theoretical models.
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