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Extension of the flow-rate-of-strain tensor formulation of plasma rotation

theory to non-axisymmetric tokamaks
W. M. Stacey' and C. Bae?
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’National Fusion Research Institute, Daejoen, South Korea

(Received 23 March 2015; accepted 13 May 2015; published online 5 June 2015)

A systematic formalism for the calculation of rotation in non-axisymmetric tokamaks with 3D mag-
netic fields is described. The Braginskii Qt-ordered viscous stress tensor formalism, generalized to
accommodate non-axisymmetric 3D magnetic fields in general toroidal flux surface geometry, and
the resulting fluid moment equations provide a systematic formalism for the calculation of toroidal
and poloidal rotation and radial ion flow in tokamaks in the presence of various non-axisymmetric
“neoclassical toroidal viscosity” mechanisms. The relation among rotation velocities, radial ion
particle flux, ion orbit loss, and radial electric field is discussed, and the possibility of controlling
these quantities by producing externally controllable toroidal and/or poloidal currents in the edge
plasma for this purpose is suggested for future investigation. © 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4921737]

I. INTRODUCTION

Rotation in tokamak plasmas is an important topic of
current research (e.g., the recent review of Ref. 1). Plasma
rotation has been demonstrated to stabilize resistive wall
modes (e.g., Ref. 2) and to correlate with energy confinement
(e.g., Ref. 3), and rotation shear is widely believed to stabi-
lize microinstabilities and thereby reduce diffusive energy
transport (e.g., Refs. 4 and 5). Evidence of self-driven
“intrinsic” rotation (e.g., Ref. 6) provides hope that these
benefits of rotation can be extended to future large tokamaks
without the necessity of large external torques.

The early “neoclassical” theories (e.g., Refs. 7-9) for
rotation in tokamaks were developed on the basis of an
assumed toroidal axisymmetry in a 2D magnetic field ge-
ometry. However, there have long been theoretical predic-
tions of mechanisms (field ripple, error fields, magnetic
instabilities, etc.) for the production of toroidal asymme-
tries in the magnetic field (e.g., Refs. 10-28). The damping
of toroidal rotation by toroidal field ripple (e.g., Refs. 13
and 14) and the “magnetic braking” of toroidal rotation by a
static n/m=1/1 error field (Ref. 15) have been demon-
strated experimentally. Such “classical” toroidal non-
axisymmetric mechanisms for momentum damping have
come to be collectively identified as “neoclassical toroidal
viscosity” (NTV).

To the extent that the NTV mechanisms can be treated
as triggers for producing viscosity, the resulting viscosities
can be calculated from the fluid rate of strain tensor using
neoclassical and/or NTV viscosity coefficients. In order to
make such a fluid calculation of the effect of various NTV
mechanisms on rotation in a tokamak, it is first necessary to
generalize the fluid viscosity tensor representation to accom-
modate 3D magnetic fields and toroidal asymmetries.

We have previously adapted the Braginskii rotation
theory based on the decomposition of the flow rate-of-strain
tensor’’ from x-y-z geometry to a circular plasma toroidal
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flux surface geometry>” and developed such an axisymmetric
tokamak rotation theory’>? for circular cross section toka-
maks, which we have subsequently generalized to an elon-
gated flux surface geometry representation with Shafranov
shift.**?? These “flow-rate-of-strain tensor” rotation theories
have predicted measured rotation velocities relatively
well,*!33 except in the edge, but have not yet represented the
NTV effects associated with the 3D toroidally asymmetric
magnetic field geometry. The purpose of this paper is to uti-
lize our recent generalization of the Braginskii stress tensor
to a 3D, non-axisymmetric magnetic field geometry in order
to construct a neoclassical plus NTV fluid rotation theory for
tokamaks.

Il. COORDINATE SYSTEM

We define a general right hand orthogonal (i, p, ¢) flux
surface coordinate system for an axisymmetric tokamak with
differential length elements (dly = hydy,dl, = h,dp,dlg
= hyd¢) and unit vectors (g = Vy/|V|,ii, =RV, n,
= 1, X ny) where V is a radial-like flux surface variable asso-
ciated with enclosed magnetic flux, p is a poloidal-like angular
variable, and ¢ is the toroidal angle. The h, are metric scale
factors particular to the geometry (e.g., for a cylindrical system
(dt, = dr,dty =rd0,dl, = dz) and (h, = 1,hg = r,h, = 1)).
The 3D magnetic field structure and the non-axisymmetry will
be represented in this axisymmetric coordinate system by
allowing 3D radial (/) components of the magnetic field and a
toroidal dependence of variables. In other words, we use a tor-
oidally axisymmetric coordinate system in a fluid calculation,
but allow 3D magnetic field and toroidal dependence of the
variables. We note that this differs from the practice of some
researchers who calculate NTV Kkinetically by representing
the 3D magnetic “perturbation” as a perturbed particle
Lagrangian.'®*'* Various specific axisymmetric and non-
axisymmetric coordinate systems can be found in the
literature,''~®

© 2015 AIP Publishing LLC
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lll. TOROIDAL ROTATION

In such a coordinate system, the toroidal angular mo-
mentum balance equation which governs toroidal rotation V,
is

nmR 82;” +nmR[(V-V)V], +R(Vp), +R(V-1I),

= enR(E, +VyBy — VoBy) +RF, +R(n, - S' —mS°V,,),
ey

where R is the major radius from the tokamak centerline to a
point in the plasma, E, and B, are toroidal electric and mag-
netic fields, F, is the toroidal component of the interspecies
collisional friction force, (V - IT) , is the toroidal component
of the divergence of the viscosity tensor, (Vp),, is the toroi-
dal component of the pressure gradient, and S, ! and S° are to-
roidal momentum and particle sources or smks Note the
new VyBy term due to the 3D magnetic field. Note also that
the p-subscript refers to the poloidal direction, but also that
the quantity p in the equation is the pressure.

A. Viscosity

Braginskii’s arguments® that three independent types of
motion cause viscous forces that produce corrections to the
Maxwellian distribution function used to calculate fluid
theory viscosity are summarized in Ref. 35. These simple
physical arguments indicate that gradients along the mag-
netic field lines of flows directed along the field lines pro-
duce large “paralle]” momentum fluxes proportional to the
parallel derivative of the parallel velocity that are independ-
ent of the magnetic field, with a coefficient that is propor-
tional to the viscosity in the absence of the field,
no~ nmi*/t, where 1 is the distance traveled between 90°
scattering events and 7 is the ion-ion scattering time in a col-
lisional plasma. In low collisionality plasmas and with parti-
cle trapping in magnetic wells these definitions are
generalized. If the parallel velocity varies in a direction per-
pendicular to the field, there is a flux of parallel momentum
in that perpendicular direction that is proportional to the per-
pendicular gradient of the parallel velocity in that perpendic-
ular direction and to 5, ~ nmr; 2/t = n,/(Q1)*, where
Q = eB/m is the gyro-frequency and r;, = V;,/Q is the gyro-
radius. An x-gradient in the y-velocity (where x and y are
both perpendicular to the field) also produces a momentum
flux of y-momentum is the x-direction but now with a mean
collisional displacement of r;, = V,;,/€, so that the character-
istic step size is the gyroradius rather than the collisional
mean free path, resulting in a perpendicular viscosity coeffi-
cient is 7, ~ 1,/(Q)*. When the velocity in one perpendic-
ular direction (say y) varies in the other perpendicular
direction (x) or in the field direction (z) there are fluxes of
perpendicular (y) momentum in the x- and z-directions pro-
portional to these gradients and #, . Finally, when the veloc-
ity in one perpendicular direction (y) varies in the other
perpendicular direction (x) of in the parallel direction (z)
there is an imbalance in the momentum flux caused by the
gyromotion, which is proportional to the x-gradient of
y-velocity gradient and to nq ~ 2nmVyr; ~ 1,/Qt. The
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original Braginskii derivation® in x-y-z geometry has been
generalized to toroidal flux surface geometry,'? to plasmas
in the banana-plateau collision regime’ and to elongated
plasma geometry.>*~*

Braginski showed that all three of the above types of
flow gradients effects can be represented in the flow rate-of-
strain tensor, which may be written for the generalized flux
surface coordinate system of this paper’>

2
Wag Eﬂ“~VV~ﬁ/;+ﬂ/;~VV~ﬁ“—géyﬁv-V
av v, ,
k

- §5a/;V -V, 2)

where the Christoffel symbols are defined in terms of the
metric elements of the coordinate system

1 (Ohg Ohy

Iy =—— —— 0 |, (& =, & =p, &y = o).

Bk I <8gk af — % k> (Ci=¥, % =p,&G=9¢)
3)

The rate-of-strain tensor can, of course, be decomposed
into terms corresponding to these three “parallel,”
“gyroviscous,” and “perpendicular” components with associ-
ated viscosity coefficients, which differed by several orders
of magnitude (1o > 134 > 1 ,)

Mg = —MoWap + 13Wag + 1aWag) — W, + m Wiyl

= ngﬁ + ni‘g + n}jf, 4)

where denoting f, = B,/|B| and using the Einstein summa-

tion convention, the W;Zﬁ are
1
E fxfﬁ ﬁ fufu_gé;w W,um

(5;5,; m) Wi,
W2 (5ifﬁfy + 5[#.,fyfﬂ) W,
W3 (5J~ Fﬁﬂ’ + (3/}1/?“/#)]‘/ nvs

(focfu'gﬂylx + goc,uf[ifl/)f Wul/a (5)

1
ng/f

xﬁ_

with ¢,p, being the antisymmetric unit tensor, 6,3 being the
Kroneker delta function, and 5; = dyp — [ofp. Note that the
f+ = B,/|B| are defined as the position-dependent ratios of
the o =, p, ¢ components of the magnetic field to the to
the total magnetic field strength at various locations in the
axisymmetric coordinate system defined in Sec. II.

Braginskii?® derived fluid viscosity coefficients for a
collisional plasma Mo = miTiti >Ny 4 =~ Tt /Qti >y 5
~ n;Tit;/(Q1;)*, where 1; is the inverse ion-ion collision fre-
quency and Q; = ¢;B/m; is the ion gyrofrequency. Shaing’
(and others) extended the parallel viscosity coefficient to the
collisionless banana and plateau regimes
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3/21/?1

nim;VyigRe™
Y = nm;ViqRfi (V)
1+ S_S/ZV;;-)(l T VI*,) imM;Vhiq f( u)

Ny = ( (6)

where v} = v;;qR [V, vii = ri_l is the ion-ion collision fre-

quency and Vy,; is the ion thermal speed. The gyroviscous
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Working out the leading order parallel viscosity contri-
butions for the components of the rate-of-strain tensors>®
yields an expression for the leading order parallel viscous
stress tensor components

coefficients 134 are i.ndep.endent of gollision frequency, and ng,ﬁ — %,10 (f 5 — % 5%3) H (7)
the perpendicular viscosity coefficients are too small to
affect anything since ;7; > 1 (but they also have been
.. . where
extended to low collisionality).
|
1\ [40vy 20V, 0V, 1 ohy 1 0hy ]
—_— 2{ ——=-V, + V.
(f‘”fw 3> {3 al, (az * az¢) * (hl/, ar, " o, ) (T
1\ )40V, aVy 0V 1 Oh, 1 Oh,
—+ = 2(—=2vy V
(f"f” 3) {3 al, (azw - az(p> - (h al, " a0
40vy 2 [0V, 0OV 1 Ohy 1 Ohy
—= — 4+ = 2| ———V, Vy
= (J‘W ){3 ol (az,, T, ) T e Y Ty o, @)
vy 0V, 1 Oh 1 Ohy
2 ——Lv,+——LV,
f”f”{ o, (h at, " "y o, b)}*
8V¢ av, 1 Oh,, 1 Ohy
2 V
Sl { ol (h aly "y 0, >}+
8\/ % 1 Oh 1 Oh
o\, o, e, gl
8l¢ hl/, 814, h¢ 6111, ]
The presence of radial magnetic field components is represented in these expressions by the f, (W, p, ¢) = By (¥, p, @)

/|B(¥,p, @)| terms, and non-axisymmetry is further represented by the 9()/0l, terms, where () is any such quantity so appear-

ing in Eq. (8).

Following Ref. 36, the toroidal viscous force can be written

L Olhphomy) 18h¢, L Oyhyme) 1 O,
). = I\pTe o) I\ e pe)
Vo=l a0, o, ™|t o e, har, ™
[ o) Lon, 1 on o
oy O, hy 00, " Tk, o0,

B. Viscous damping of toroidal angular momentum

In the flux surface average (FSA) of the toroidal angular
momentum balance of Eq. (1), the viscous damping of toroi-
dal angular momentum is represented by the flux surface av-
erage () of the toroidal component of the viscous torque,
which can be written

@99V 1) = (VTS T 79)
1 0 0 (R
= (g o) + 80 (752))
(10)
where  (A) = §,dl,$,d, [} dl,A(.p. 0)/$,dl,$,dL,

ff Ty dly and V’ is the d1fferent1a1 volume between ﬂux

surfaces. It can be shown®” that the flux surface average of
the second, n2¢ term in Eq. (10) is a perfect differential and
must vanish from the requirement of single-valuedness, and
hence there is no contribution of the leading order parallel
viscosity to the toroidal angular momentum viscous damping
from this term even if 7°, is toroidally asymmetric. From
Eq. (7), ”3(,, = 0 in the absence of a 3D (radial) component
of the magnetic field (i.e., for f, = By /|B| = 0), so the first,
now term in Eq. (1) vanishes for f;, = By /|B| = 0 but would
survive for f, = By, /|B| # 0. Only if there are 3D fields such
that f, = By, /|B| # 0, can there be a parallel viscosity contri-
bution to toroidal angular momentum damping. If f, =
By /|B| = 0 everywhere, the largest remaining contributions
to toroidal angular momentum damping in axisymmetric
tokamaks are due to the gyroviscous n% and 7> = 4 terms®*
with viscosity coefficients 1734, < 1.
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However, when f;, # 0, leading order (1) terms survive
in Eq. (10), yielding a general form for the NTV viscous
damping term

29, . _ 31 O (R hynofyfp°)
BNV -To) = =5z, ot

3 —
= 5 (Rnofyf HL,'), (11)
[-l=_ LOH® 10f, 10f, 10 lahp+26R
VT HO0 0ty fy 0ty ngdly " Oty T ROL, |
(12)

is a composite of inverse radial gradient scale-lengths of
flow velocities, densities, temperature, magnetic fields, and
the flux surface geometry. Note that the sign of f,, = B,,/|B|
is > 0 when the toroidal field is parallel to the plasma current
and < 0 when it is anti-parallel, in the representation of this
paper. Various representations of fy, = By, /|B| have been dis-
cussed in the literature (e.g., Refs. 11-28). These equations
are reduced to a more familiar form for a “circular” plasma
model in the Appendix.
The magnitude (17,) and velocity dependence (H')
f (R*V¢ -V -Tlp) of Eq. (8) are quite different from the
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magnitude and velocity dependence of the neoclassical toroi-
dal angular momentum damping term (R’V¢ -V - I13,) ~
—{((1/rR)(0/0r)(R*n40(V,/R)/00)) for an axisymmetric
tokamak.>' Because 1o/173, ~ Q;7; ~ 10° — 10* the viscous
damping due to 3D toroidal asymmetries (R>V¢ -V - Ilj)
can be > the gyroviscous damping due to poloidal asymme-
tries (R*V¢ - V - I134), even for small f, = B, /|B| < 1.

We note that some other derivations of neoclassical rota-
tion theory®%!'”'? have employed a gyroradius (O=r/r<
1) ordering instead of the Braginskii Qt viscosity ordering
No > 134 > N5, leading to neglect of the gyroviscous term
which enters at a higher § order, albeit with a much larger
magnitude (134 > 1;,), than the perpendicular viscosity
term that is retained. The Braginskii Qt viscosity ordering is
clearly more appropriate for rotation problems in that the
larger gyroviscous term enters at a higher order than the
smaller perpendicular viscosity term in the gyroradius order-
ing scheme. Note that the gyroviscous term arises in the
gyroradius ordering in Refs. 8, 9, 17, and 19 but is neglected
because it enters at a higher order in 9.

C. Toroidal inertial torque

The representation of the toroidal inertial torque in Eq.
(1) in the general flux surface geometry of Sec. II is®

V, 1 Oh, 1 Oh
Vy Vo Ly, WV Ohy _ 1 Ohy
Ram(V - V)V], = R 8€ hy 0 Oy hy O, 13
nm[(V - ¢*nm+vav+vv 10k, 10k, _|_V8L 13)
ot h 8€ hp ol 7o,
IV. POLOIDAL ROTATION
Poloidal rotation is governed by the poloidal angular momentum balance equation
oWV - .
rnm=— " + rnm[(V - V)V], 41 (Vp), +1 (v.-1),
= rne(E, — VyB, + V,By) + rF, +r(n, - S' —mV,S8°), (14)

where r(\, p, @) is the minor radius from the minor axis at toroidal angle ¢ out to the point (\/, p, @) on the flux surface .
Note that allowing for a 3D magnetic field introduces an additional BV, into Eq. (14).

The leading order poloidal viscous force is*®

ot o,

1 on,
V-1, = —% Julv (h ot

1 ohy
(f2_>(h¢, o, ",
1 Oh,
flﬂfl’<h 36

ot 0

otasgor) (") otusn >}+

LAY
Ty 0,

1 Oh,
8€

L Lok
1// aerp

<)(

s)

1 1
2 _ i
(% 3) <hm
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Comparison of Egs. (7)—(9) with Eq. (15) reveals that the toroidal and poloidal viscous forces caused by non-axisymmetric con-
figurations will have similar magnitudes and dependences on the poloidal and toroidal flows, a consequence of the parallel viscos-

ity component being the leading order contribution in both.
The poloidal inertial force can be written®®

v, 10k, 1 0hy
[(V-V)V], = [Vw(% +Vw(h a_éd,_@az,,)h 16
I vy ey (Lo 1ok, 1o
P o, ? o, h, oy hy O,

V. RADIAL ION PARTICLE FLUX

The “radial” () component of the momentum balance
is

in the edge plasma, and it will be of interest to systematically

determine the radial velocity from the radial momentum bal-

ance and determine the radial electric field from Ohm’s law.
The radial viscous force can be written®®

aV,
an*” +nm[(V - V)V], + (Vp), + (V- 1I),
g 1 O(hphemyy) 1 O 1 Oh
_ - gl 0 (V-1), = o) ——Jﬂ pt—=tn
= ne(Ey —VoBy +V,By) + Fy + (fy - S' —mV,°). V7 k1, hy 90, "y, o,
A7)
h /’leEpw) 1 8’1
Formally, this radial component of the momentum balance hl/,h(ﬂ h oty n,,,,
equation governs the evolution of the radial particle velocity
in response to the included forces. In practice, this equation 1 a(hphw”w//) 1 ah‘/’ (18)
is commonly used to determine the radial electric field after hyhy 0y hy Ol
assuming the radial flows to be small (V, <V, <V,,) and
ignoring the source terms and the radial inertial and viscous and the radial inertial force can be written-°
forces as small. It is not clear that this is always appropriate
|
8V % 1 Oh 1 Oh
Ty, Sy, (S 2
(‘% P o, hy 00,  hy, Oty
nm[(V - V)V], = nm (19)
+ v, 8V¢ VY, 1 ahw 1 Oh,
ot, "V \hy, oL, h, o,

V1. ION ORBIT LOSS

The fraction of “thermalized” ions that are able to access
loss orbits which remove them from the plasma increases as
the ions are transported radially outward. The minimum
energy Eomin at which these ions are “ion-orbit-lost” can be
calculated at each radius from conservation of canonical
angular momentum, magnetic moment, and energy. The
increasing with radius loss fractions of outward transport
fluxes of ions and energy can then be calculated®**

Nioss o f [ J\Vomm V()f VO)dVO} dé/O
Nzot 2[0 V()f VO)dVO

f | ( s Emin(p co)>dco

r(s)

Forp(p) =

(20)

and

Ea D [fv“’ @ va(z))‘/(zlf(v())dVO}dCo
T LT G Ve (Voyave] g
f 1 ( 5 &min P»Co))dCo

r(s)

where Vomin(Co) = v/2Eomin({o)/m is the minimum speed
for which particles with velocity direction cosine {, (relative
to the B-field) can be lost, and an initially Maxwellian distri-
bution has been assumed. The quantity &min = Eomin/kTion>
and I' in Egs. (20) and (21) is the gamma function. A com-
pensating return current of ions inwards from the scrape-off-
layer is required in order to maintain charge neutrality. This

Enrb (P) =

E total

2D
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compensating current replaces the lost energetic particle
with a thermalized particle with small momentum. Thus, ion
orbit loss directly affects the momentum and energy balances
but not the particle balance.

In the “predictive” formalism presented in this paper, the
ion-orbit particle losses can be represented by a momentum
loss term S}, = —2(9F o,/ 9€y)nVy in the radial momentum
balance Eq. (17), where the “2” accounts for the ion orbit loss
of an outward flowing ion plus the inward compensating
return current. Alternatively, Eq. (17) can be solved for the ra-
dial particle flux I'y, = nV,, without taking ion orbit loss into
account and then corrected for the latter l;,p =Ty (1 —2F,).
In the interpretation of experimental density profiles (e.g.,
Refs. 38 and 40) in which I'y, is determined by integrating the
continuity equation, the radial particle flux being transported
in the plasma is determined by similarly correcting for ion
orbit loss f¢ =TIy(1 —2F,;). In the interpretive analyses
(e.g., Refs. 39 and 41) the total energy fluxes are also cor-
rected for ion orbit loss QW = Qy(1 — E,»), and this would
be appropriate with the formalism of this paper.

Counter-current directed ions are lost predominantly,
resulting in a co-current intrinsic rotation of the ions remain-
ing in the plasma,**~*® which is given by

1

AVy(p) = J dfy J (Volo)Vif (Vo)dVo

-1 Vinin (Lo) p

_ Ll1 Lol (2, &min(p, L0))dlo  [2kTion(p)
F(Z)n%

;o (22

that contributes to the edge plasma rotation.
Ton orbit losses, %9/, and intrinsic velocities for fast neu-
tral beam injected ions can be calculated from similar

considerations.

VII. ION DENSITY AND ENERGY BALANCE
EQUATIONS

Solution of Egs. (1), (14), and (17) requires also a deter-
mination of the density from the continuity equation

on n 1 O(hphenVy)
ot hyh, oty
1 O(hyhynV,)

hyhy, m

1 d(hyhonV,)
hyh, 0L,

=Nupi + NeViop = Soy (23)

where N,;; is the local neutral beam particle source rate and
Vion 18 the ionization frequency of incoming neutral atoms, and
a solution of the ion and electron energy balance equations

00, 0 (3 ) | .
. .~ = ——| = iTi v 1 — frol
Vv Q1 8@,/, ot \2 n + Db ( nbt)
3
— Gie — mint® (T =T,
qlé I’l,l’l0<0'l)>m 2 ( 0)
90y 59<3 ) ol
. ~_=7 _ __ |Z eTe e (1 — fiol
\ Qe agl// ot \2 n + Dnbi ( fnhl)

+ die — n(’nsz(Te)v (24)
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where Q = (3/2)TnV + ¢ and the conductive energy flux is
approximated by the Fourier heat relation q = —nyVT. The
second terms on the right are the neutral beam or other heat-
ing terms (reduced to account for ion orbit loss), the g;. is
the collisional ion-electron energy exchange rate, and the
last terms represent charge-exchange cooling of ions and
radiation cooling of electrons.

VIil. RADIAL ELECTRIC FIELD

Solving the ion and electron momentum balance equa-
tions using an interspecies friction term of the form F,; =
—nmvi(V, — Vi) = —qn?e*(V, — V;) = nenj leads to*’

VPe—i-jXB,
ne ne

E=nj—-uxB- (25)
where u = (nm;V; + n.m,V,)/(nim;; + n,m,), with a sum
over ion species “i” being understood. Making use of the
leading order plasma force balance jx B = Vp = Vp;
+Vp. yields another form of Ohm’s Law for the determina-
tion of the electric field in a rotating plasma

Vpi

E=nj—uxB+-L (26)
ne

where E is the electric field, # is the plasma resistivity, j is
the plasma current density and u is the mass rotation velocity
of the plasma. Equation (26) is a convenient form for the
determination of the radial electric field that is produced by
the rotation velocities and the ion pressure gradient discussed
above.

However, Eq. (25) provides an insight into how the ra-
dial electric field (and hence the quantities such as ion orbit
loss, radial ion flux, and rotation that depend upon it) could
be controlled by creating a poloidal or toroidal current in the
plasma, most likely in the edge plasma. Further pursuit of
this obviously interesting and potentially important topic is
beyond the scope of this paper, but is definitely recom-
mended for future investigation.

IX. SUMMARY AND DISCUSSION

The axisymmetric tokamak rotation theory based on the
Braginskii Qt ordering of viscous forces and the flow rate-
of-strain tensor has been extended to non-axisymmetric toka-
mak plasmas. The most important finding is that the leading
order parallel viscosity contribution to the FSA of the toroi-
dal momentum damping rate does not vanish when the possi-
bility of radial magnetic fields is retained in the
development. This paper provides a powerful formalism for
investigating rotation applicable to the study of non-
axisymmetric tokamaks.

It remains now to identify the specific f,, representations,
viscosity coefficients and ordering schemes for specific non-
axisymmetries and to reduce the above formalism to practi-
cal computational models by eliminating terms that are
unimportant to the specific application. We give one exam-
ple in the Appendix. The scope of such specific models
ranges from (i) semi-analytical expressions for toroidal angu-
lar momentum damping rates through (ii) approximate



062503-7 W. M. Stacey and C. Bae
solutions of the toroidal and poloidal momentum balance
equations that can be used to interpret momentum transport
in experiments to (iii) coupled 3D numerical calculations of
the toroidal and poloidal rotation velocities, the radial parti-
cle flux and the radial electric field. Such further develop-
ment can build upon the significant existing literature on
NTV (e.g., Refs. 16-28) to represent the radial magnetic
fields produced by field ripple, instabilities, field error, etc.,
and to model various mechanisms for producing parallel vis-
cosity (i.e., for modeling 7).

One useful extension of the present basic formalism of
this paper would be inclusion of the heat flux contribution to
the flow rate-of-strain tensor.** Such an extension would
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in the plasma that is suggested by Eq. (25) is potentially very
important and is recommended for future investigation.

APPENDIX: CIRCULAR PLASMA MODEL PROBLEM

In order to gain better insight, Egs. (7), (8), and (11) can
be reduced into a practical NTV formulae for tokamak
plasmas with “circular” cross sections R = Ry + rcos(
=Ro(l +ecos0) and with V, <V, <Vy and fy~1
assumed. The coordinate system reduces to the more familiar
form

dly = h.Or = 0r, df, = h,0p =~ hy00 = roo,

make the viscosity tensor more relevant for the “low- dly = hyd¢ = ROG. (A1)
rotation” plasmas expected in future tokamaks.
The possibility of controlling the radial electric field by Leading to a reduced form of Eq. (8)
imposing externally controllable poloidal or toroidal currents
|
2 Lovy 0V ( ) 410Vy Wy 2140V 21 (8‘/9) <1 OR )
H=-Z(ff—3 )-S5+ 55 el | e P ] ) [ g
3<ff )( +zeaqs) fuo 37 00 3 ro¢)| T3 |3R0 37 \00) " “\Rron "
vy (1 10Vy 0Vy 1 0R [av¢ (1 OR )}
2fifol—=—— | =V — - e Z e A2
+ff9[ (r 9)%’(9{ 50 TrRog mran | T e \gar e (A2)
We further neglect any poloidal dependence of velocities for simplicity, so that V(r, 0, ) = V4 (r, ¢) and Vy(r,0) = Vy(r),
to reduce Egs. (7) and (8) to
10V 10V
(f,f,——) o(r, ¢)__(ff __) Wy(r, ¢)
R 0¢ R 0¢
3 3 810V 41 0R ov .
0 0 _
My R = 5 Ml = = 1oy +5% %(¢ ¢) +§R—%v o(r) + 2f.fo "( ) 2f,.fg;V9(r) (A3)
. 1 0R ( 10y 1 6R
2f Rr 89 ( (Ib) zfl - a. zfl (r7 d)) |
We further make practlcal assumptions f, = B, /B ;éf( ), fo =Bo/B # fo(r), B=B(r) # B(r,0), f; < 0(107?) ~ 0(&),

fo <0107 ~ O(e"), and IRy /Or < O(107") ~ O(e'), O(f,0V 4 (r, p)/Or) ~ O(dV 4(r, ¢)/O¢), and neglect 2nd derivatives
and the Shafranov shift, to reduce Eq. (11) to
3 Vol(r,plfe <'Io 3 8;0) + Vafifo <2770 5T %R())
RVG-V 1)y ==f | (A4)
T (L ) Vel ()
o6 27\ "o ar O\ T,

The third and fourth terms on the right-hand side can be con-
verted into toroidal and radial gradient length scale lengths,
similar to Eq. (12), to combine them with the first term to
represent the entire toroidal velocity contribution in the form
of Egs. (11) and (12). Equation (A4) contains contributions
from both toroidal and poloidal velocities. Practical model-
ing issues must be worked out for the proper representation
of the toroidal and radial derivatives of the toroidal velocity,
the third and fourth terms. We plan to test a few practical
models in the near future.
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