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Analysis of the expected resolution of the electron-cyclotron emission
crossed-sightline magnetic fieid diagnostic

G.R. Hansonand C.E. Thomas, Jr.

Nuclear Engineering Program, Georgia Institute of Technology, Atlanta, Georgia 30332
(Received 13 March 1989; accepied for publication 6 October 1989)

The local value of the magnetic field B(7) inside the plasma in magnetic fusion experimentsisa
quantity of considerable interest. Given information about plasma density and temperature it can
be used to calculate the poloidal magnetic field, or given a zerc current device (or the current
profile} the local vaiue of beta. The time history B(r,7) can be used {o infer the level of magnetic
fluctuations in the plasma. The poloidal magnetic field and the level of magnetic fluctuations are
particularly interesting quantities, since they are difficult to measure, and are both important for
understanding particle and energy transport in magnetic fusion experiments. In fact, to date, no
measurement of the local value of the total magnetic field or its time variation has been madeina
high temperature plasma. Previous measurements have been confined to relatively cold plasmas
where probes could be used, or have inadequate resolution to distinguish the value of the field with
plasma present from its vacuum value. It has been recently suggested that crossed-sightline
correfation of electron-cyclotron emission might be used to infer B(r, ,#) at the crossing point 7,
in the plasma of the two sightlines. The equations and techniques necessary to simulate this
proposed diagnostic are developed below, and the results of a numerical simulation of the
diagnostic resolution for both TEXT and CIT are presented.

L INTRODUCTION

It has been suggested that crossed-sightline correlation of
electron cyclotron emission (ECE) might be used to experi-
mentatly measure the absolute value of the local magnetic
field and its time variation in a tokamak plasma.’ The basic
idea is to time correlate the ECE received by two antennas
having sightlines which cross in the plasma (see Fig. 1) to
obtain the cross-correlation function. This function will rep-
resent the ECE near the crossing volume of the two sight-
lines {for short correlation lengths). By resolving the line
center (in frequency space) of this correlated emission and
following it in time (at frequencies less than 1/7, where T'is
the correlation time), the total magnetic field B(¢) can be
measured since the local value of the cyclotron frequency @,
is given by

w, = gB(t)/m,, (1)

where ¢ is the electron charge, and m, is the electron mass.
References | and 2 provide a2 more detailed discussion of the
theory and conceptual design of this diagnostic.

The sightlines can be scanned so that a magnetic field
profile over a portion of the minor radius can be constructed.
Ef the density and temperature are known, then the poloidal
magnetic field can be calculated over this region. In zero
current devices, the measurement is a direct measurement of
B, or if the current profile is known or estimated, 5 can be
calculated. If multiple sightlines are used, then a magnetic
field profile, and therefore poloidal field or £ profiles, across
the minor radius can be constructed without scanning.

We have developed a numerical routine which simulates
the correlated signal from the crossed-sightiine diagnostic
and then determines the error in the magnetic field inferred
from the simulated data. To obtain this simulated data, the
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uncertainties ini the cross-correlation function are estimated
and then used by a Monte Carle routine to randomize the
expected cross-correlation function. A nonlinear curve-fit-
ting routine’ is used to fit a function to the randomized data
so that the error in the line center due to the expected experi-
mental errors can be calculated.

This numerical routine has been used to perform mag-
netic fluctuation and absolute magnetic field strength |B|
measurement simulations for TEXT (Texas Tokamak, Uni-
versity of Texas at Austin) and CIT (the proposed Compact
Ignition Tokamak). We believe the resuits of these simula-
tions show that the proposed diagnostic will be able to mea-
sure perpendicular magnetic fluctuations with an error of
the order of 4% of the toroidal magnetic field and measure
the absolute magnetic field strength with an error of the or-
der of 0.1%. The error in measurement of parallel magnetic
fluctuations will also be about 0.1% of the toroidal magnetic
field, the same order as the error in the absolute magnetic
field. This will be discussed further in Sec. [V B.

A second numerical simulation has been developed to
determine the uncertainty in inferring the poloidal magnetic
field from the |B| measurement. In this simulation, the un-
certainty in the poloidal magnetic field is calculated from the
contributing field terms and their uncertainties. Results of
this simulation indicate that the poloidal magnetic field can
be inferred from the |B| measurement for r/¢>0.2 with an
uncertainty of less than 10.0% under many conditions. In-
ferring the polcidal magnetic field from the |B| measure-
ment is discussed in more detail in Sec. IV C.

. CORRELATION FUNCTIONS

Figures 1 and 2 show the conceptual design of the diag-
nostic.” The design of a single sightline in this diagnostic is
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very similar to the design of the ECE diagnostic on ATF.*
The received signal at each antenna will be bandpass filtered
into passbands Sw, about frequency w; at time ¢ and fed into
microwave detectors. Let the signals out of these detectors
due to emission along each sightline be described by 7 {w;,f)
and I, (w;,t) for antennas | and 2, respectively, where @, is
the center frequency of the ith channel of the detector array.
For a turbulent plasma, signals 7, and I, will have a steady-
state part I, I, and a flucteating part ¢, , #,, in which case

Il (Ct),—,f) :jl((ui‘) +i| (C()i,f) (2)
and
IZ (w;,t} :72 (e3,) + iy (C(),-,[). (3)

The steady-state parts of I, and 7, are given by their mean
values,

T .
7 (w)) :—Lf I (o, t)dt (4)
T Jo
and

T
jz {w;) :“I"f I (w,,0)dt, (5
T Jo

where T is the averaging time. Note that /; and /, can be
electronically high-pass filtered to remove [, and [, or this
can be done in software.
The equal time correlation function is defined as®
-

L {1)i (D), (6)

R, = lim L
7w T Jo

where R, is precisely the cross-correlation function if ; and

i, have mean values of zero, and again 7 'is the averaging or

correlation time. The autocorrelation function is defined as

the special case when / = k. For the crossed sightlines of this

diagnostic, the equai time cross-correlation function is esti-

mated by

172
R12 (wisz) = '_1; i] ((‘)iyt + T)iz ((U,-,I 4“ T)dT
TJ- 172
= <ll (mi’f)iﬁl (wist)>s (7)

where ( ) is defined as the equal time correlation function
operator, and 7 is a finite period.

i, andj, are defined as the local values of the fluctuat-
ing part of the emission at positions s, and 5, along the two
sightlines; that is,

Ji(w;,s,,1) = di, /ds, (8)
and
J (@,,8,,) :diz//dsg, (5}

where s; and s, represent respective positions on the two
sightlines, then Eq. (7) can be written as

R, (w;,t) = <jd31 J( s, ji (0;,81 .1} (wi,sl,t)) (i0)
By definition, in regions of a turbulent plasma that are sepa-
rated by more than a correlation iength /,, the time-correla-
tion {cross-correlation) function rapidly goes to zero, in

which case R |, can be written as
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et 4 ret de
Ry (o) = j ds, f s,

[ x 7

X (G (@,,8,,8) )5 {63,,85,8) ), (1)
where r, is the spatial crossing point of the two sightlines,
and the time operator has been passed through the two spa-
tial integrals. It can be seen from the above equation that as
the correlation length becomes small, the cross-correlation
of j, and j, comes only from the crossing volume of the two
antenna sightlines.

iil. UNCERTAINTY IN THE CROSS-CORRELATION
FUNCTION

The variance of the cross-correlation function of {;, and
i, for identical bandwidths, Af, is®

0’%2 = (RURZZ + R %2 >/(2AJIT}, (12)

where 7'is the correlation time of /, and /, inEq. (7}, 0y, I8
the variance, Af1s the effective bandwidth, and R, (w,,¢) has
been previocusly defined. For convenience we will often shor-
ten R (w;,1) to R;. The requirement that A/7T>35 is used in
obtaining this equation.

The uncertainty in R ;, (@,,f) is estimated from (also
from Ref. 5)

e€=0,/R%, = (1 +p3)/ (20/T), (13)
where
Piz :Rlz/\,/—El—}é-z; (14}

is the cross-correlation coefficient. Equation {13) can be re-
written as

oy =Ry, (wi’t){(l‘}‘p{zz)/N}Vz’ (13)
where N is the number of data points used in calculating
R ,; {(@,,t) [see Bendat and Piersol® for the derivation of Eq.
(15)].

The signals /; and 7, can be written as

i (w,t) =s{w,8) + m{w,t) (16)
and

L (w,8) = s{w,t} + n{w,1)}, (17

where s{w,?) is the correlated emission, and m{w,?) and
n{w,t) are uncorrelated emission (noise for our purposes).
Ifitis assumed that s(w,?), m(w,t}, and n{w,t) are mutually
uncorrelated, then the cross and auto-correlation functions
can be written as

R12 :RSSE<‘§Z>5 (18)
Rl] :Rsx +Rmm§<sz> + <m2>! (19)
Ry =R, + R, =(s) +(n?), (20)
where
1 /2
{s* :—-f SHwt + r)dr, 20
TJ tn
1 T2
(m?) = ———f m*(w,t + T)dr, (22)
TJ.rn
I T/2
(n?) = — e, + T)dr (23)
- T/2

For this diagnostic where the two crossed sightlines are ar-
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ranged symmetrically about the tokamak midplane, {(m?)
and (n®) are probably due to equivalent physical phenome-
na. In this case, they can be treated as equivalent but uncor-
related noise sources, i.e., {n*) = (m?). Substituting these
relations into. the equation for the cross-correlation coeffi-
cient produces the desired result,

o =/{1+ (n*y/7{s7)). (24)

V. POSSIBLE MEASUREMENTS
A. Qverview

The cross-correlation function R ;, can be used to infer
several different plasma parameters. From the center fre-
quency of R |, (w,1), the absolute magnetic field strength |B|
at the crossing volume of the two sightlines can be calculat-
ed, and from | B/, the poloidal magnetic field can be inferred.
By following the peak of R , (@,?) in frequency space, fluc-
tuations in |B| can be measured. The correlation length for
fiuctuations at the crossing volume can be inferred from the
width in frequency space of R |, (w,?}. Finally, at optically
thick harmonics, temperature fluctuations can be inferred
from the amplitude of R {,, or at optically thin harmonics a
sumrmation of temperature and density fluctuations can be
obtained. This assumes that magnetic fluctuations are small
compared to temperature and density fluctuations. Below
we discuss only magnetic fluctuation measurements, and po-
Ioidal magnetic field measurements inferred from |B|.

B. Magnetic fluctuations
Consider the following equation for [B| (Ref. 6):
IB| = (BB} (23)

UsingB=B, + B, + §H inthe sbove equation, where 8, 1s
the magnetic field including the plasma current and diamag-
nietic contributions, and B, and B y arc the fluctuations per-
pendicular and parallel to B, gives

{B| = (B +2B,8, + B} + B (26)

Now factoring out B, and expanding the expression (for B i
and B, much less than B, ) leads to

|B| =B, |1+ (B;/B,) + 1/2(B,/B,)], (27

where only the lowest order terms in B y and B, have been
retained. Examining the last equation leads to the conclusion
that parallel fluctuations in £ are reflected linearly as fluc-
tuations in |B|, but that small perpendicular fluctuations are
down by { (B,/B,) from the linear response. For instance,
for a 1% perpendicular fluctuation, the change in {B| would
be only 0.005%. This is unfortunate since it is thonght that
the magnetic fluctuations which might lead to enhanced
transport will be perpendicular. Nevertheless, the diagnostic
will have the capability of measuring any parallel fluctu-
ations with the same resolution as its resolution in |Bf, and
will be able to infer the correlation length of fluctuations in
the plasma.

C. Poloidal magnetic field

Again consider Eq. (25) for |B|, but now use
B=B,4+B, +B,, where B, is the toroidal vacuum field,
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B, is the field due to the force-free plasma cutrents, and B, is
the plasma diamagnetic contribution. Then |B| can be writ-
ten as

|B| = (B;+ B}, +B,+B;+2B,8,,
—2B,B, -2B,,B, Y2,
where By, and B, are the toroidal and poloidal fieids, re-

spectively, produced by the force-free plasma current. This
equation reduces to

Bl =[B,(1-5)

+B§)p+B§)+2BzzB¢p(1_B/2)]i/z (29)
by using the toroidal equilibrium equation:
B}/2u, =B/ 2u, +p, (30)

with B2 = B,'B, and B, = B, + B, todefine 8,. The equa-
tion for 53,

B = p/(B./2) (31

is used to eliminate the plasma pressure p from Eqg. (30).
Equation (29) can then be sclved to obtain an expres-
sion for B>,

By =[BI’-BL(1-5) — B,
—2B,B,,(1 —B/2)]. (32)

Since |B| is known from the diagnostic measurements, B, is
known from field measuremenits, S is obtainable from other
diagnostics, and B, can be estimated or calculated using an
MHD equilibrium code, the value of B, at the sightline
crossing point can be determined.

V. NUMERICAL SIMULATION OF |B| MEASUREMENT
A. Overview

The purpose of simulating the data is to investigate the
potential error in the measurement, and under what condi-
tions this error becomes too large for magnetic field mea-
surements to be possible. Time varying maguetic field mea-
surements are made by following the line center of the ECE
correlation function R |, (w,,r) plotted versus frequency as it
fluctuates in time. Thus to make a magnetic field measure-
ment, we must know the center frequency of the correlation
function R |, (w;,?) very accurately relative to its width.

QOur numerical simulation assumes that R ;, (@,,¢) hasa
Gaussian line shape in frequency () space. The specified
plasma and diagnostic conditions are used to calculate the
width de,. in frequency space of R |, (@;,7). In addition the
uncertainty o,,; at each w; of R |, (w;,t) is calculated. The
projected uncertainty ¢,,,; in each point R ;; (w,,t) is used in
a Monte Carlo routine to randomize the calculated values of
R |, {e;,r). This simulates the expected experimental vari-
ation in R , (w,,t). A nonlinear curve-fitting routine then
fits a Gaussian distribution to the randomized data and de-
termines the line center. This is repeated for many sets of
randomized data. The standard deviation is then obtained
from the set of calculated means and the actual line center
(true mean). For plotting purposes, we have divided the
standard deviation by the true line center to obtain the ex-
pected fractional error in the experimental line center.

Electron cyclotron emission 674



B. Expected line shape

The expected line shape of the cross-correlation func-
tion R |, (w, 1) versus frequency o; is difficult to calculate as
it depends on the natural spatial line width (/) of the ECE,
the correlation length (/. ) and correlation function shape in
the plasma, the crossing length of the two antenna sightlines
(7.}, and the wavelength of the magnetic fluctuation being
measured {for magnetic fluctuation measurements). It is
quite probable that the cross-correlation function will have a
Gaussian distribution. This statement is supported by the
central limit theorem,” which asserts that the Gaussian dis-
tribution will result quite generally from the sam of a large
number of independent random variables acting together.
Assuming the turbulent modes in the plasma are indepen-
dent, the Gaussian shape follows.

For the numerical simulation, it is assumed that the
crossed sightlines will be arranged perpendicular to the mag-
netic field so that the natural linewidth will be due to relativ-
istic broadening of the emission. In general, the requirement
of perpendicularity is relaxed to requiring that the Doppler
broadening be less than the relativistic broadening. This al-
lows for some deviation from true perpendicularity of the
sightlines to the magnetic field. The natural linewidth dw,
{full width at half maximum) due to relativistic broadening
is given by’

(33)

where @, is the fundamental cyclotron frequency, and v,, is
the electron thermal velocity [but is defined as
v,, = (T /m)"* ratherthanthemorestandard (27 /m)"* ].
Here s is the harmonic number, and ¢, is a constant which
changes with harmonic number, e.g., for s == 3, ¢, = 4.8.

To calculate the variance in frequency space of
R ., (@,,0), it is assumed that the two dominant factors are
the correlation length and the natural linewidth. If the natu-
ral ECE linewidih in frequency space is considered as its
equivalent spatial linewidth,

'\ 2
dw, /se, = ¢ (v,./¢)7,

6 2
=B %% Re (v’?) , (34)
VB sw, c
then the variance is approximated by
Sw? = (wi/R* (12 +1%), (35)

where Sw.,. is the width in frequency space of the cross-corre-
lation function R |, {(@,,!), @, is the cyclotron harmonic fre-
guency under consideration at the crossing point of the two
sightlines {line center of R , {(w;,£} |, and R is the tokamak
major radius at the crossing point of the two sightlines. Note
that this defines the correlation function in fregquency space,

[(w, — /80,1,
(36}

i
R (w;,8) = R, (g )exp { -y

where o, is the center frequency of the ith channel, and the
time dependence of w, has been suppressed. Once dw, and
we are calculated, a continuous Gaussian distribution for
R ; (w,;,t) is defined.
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C. Estimating the correlation noise

The next step in the simulation is to estimate the uncer-
tainty in each value of R (, (w, .1} using Eq. (15},

O = Ry (w0} [ (1 +P1_2¢2)/N]1/2’ (37)

where the subscript / indicates that o, is calculated at the
center frequency of the ith channel.

The cross-correlation coefficient p,,; is calculated using
Eq. (24). To do this, we must estimate the sources of the
noise {n° ). The uncorreiated signal (noise) can be divided
into two categories: noise produced in the plasma and noise
produced in the microwave hardware. If we approximate the
hardware noise as 1 eV black body emission,® our ECE pow-
er calculations for TEXT show the hardware noise to be
down by at least two orders of magnitude relative to the
signal, and we find that plasma noise dominates.

The remaining noise can be divided into three sources:
the quantum or photon noise at the detectors, the uncorre-
lated signal incident on the antenna due to reflections off the
vacuum vessel, and uncorrelated emission along the sight-
line.

Radiometer theory” has shown that for thermal emis-
sion, the statistical fluctuation about the average signal value
is given by

n, = Sp/\[téw /2w, (38)
where #, is the quantum noise, S is the total average re-
ceived signal, dw; is the bandwidth of the channel (previous-
ty defined), and 7 is the microwave crystal detector integra-
tion time. It is assumed that the statistical fluctuations are
incoherent. The Appendix discusses the possible coherence
of the statistical fluctuations of thermal cyclotron emission
and the effect of this coherence on a crossed sightline diag-
nostic. The total average received signal is defined as the dc
signal plus vacuum vessel reflections. This can be written as

Sp =1+ QI(1 —n), (39)

where 7 is as before, { is the cavity resonance term for the
vacuum vessel, and % is the viewing dump efficiency (ab-
sorption coefficient ). The vacuum vessel cavity resonance is
defined as

g=1/(1 —R,),

where R,, is the wali reflectivity of the vacuum vessel.

To calculate the correlation coefficient p,,, the noise
terms must be normalized to the correlated signal s{w,,f)
[see Eq. (24)]. Thus the normalized quantum noise can be
written as

7, 140U -1
S@ut) oo, /2w
where 4 18 the emission fluctuation fraction due to correlat-

ed fluctuations in density, temperature, or magnetic field
and is defined as

AfEs(a),»,z‘)/?

1 1 fo, — o, V211172
= R0 exp| - (2522 ||

= Af” GXP{ -3 [ {w, — oy )/&'Uf]z} ,

(40)

, (41)

(425
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and 4, is defined as the emission fluctuation fraction at the
line center w,. The second equality above follows by using
Eq. (36) in Eq. (21) and approximating s* (£) ~ (s° ).

Radiation at the same frequency as the line center of the
correlation function will be emitted at many points in the
plasma besides the crossing volume. This radiation must be
prevented from being collected by the diagnostic system.
The beamlike pattern of the antenna will allow only emission
along the sightline to be collected; however, radiation can be
reflected from the vacuum vessel into the antenna sightline.
This reflection noise is minimized by using a viewing dump
to absorb the incident radiation. Due to incomplete absorp-
tion by the viewing dump, the normalized reflection noise is
given by

L) Z(wi’t)
son) od S(w,-,t)
=0l —) [n,(e.0<s(@,0], (43)

where {, %, s and 7 have already been defined, n,, is the
“viewing dump noise,” and we realize that the dc component
of the reflection is filtered out either electronically or digital-
ly.

When the natural linewidth /; of the ECE in the cross-
ing volume of the two sightlines is greater than the correla-
tion length /. of the emission, some emission at the frequency
of the cross-correlation function will not survive the correla-
tion analysis. This noncorrelatable emission normalized to
the correlated signal is estimated as

By (1 + lns ) { 1 (mi - wo)zii i (44)
—_—= exp § —y{ —— — i,
s{w;,t) i Ti4 dw,

where all quantities have been previously defined.

Since each noise source has been defined above in nor-
malized form, the cross-correlation coefficient can now be
obtained from Eq. (24) as

=1+ <”2>/<32)) -1
[y ) <nm>)
=11
U e T

(1 () () ()

where the third equality follows since in each case r = ¢,
where ¢ is 2 constant in time, so that (#%) = (c’s*) and ¢*
can be passed through the ( ) operator.

(45)

D. Error analysis

The cross-correlation ceefficient p,; in each channel is
now converted into the estimated error (standard deviation
0,,; ) of the cross-correlation function R (,; (w,,t) vsing Eq.
(15). Figure 3 shows a plot of the cross-correlation function
R, (w,,t) vs w,, within error bars, cbtained using Eq. (36)
and Eq. (37). It is assumed that the uncertainty (error) in
R, (w,,1) at each w, is described by a Gaussian distribution
with variance o%,,. A Monte Carlo routine uses the estimated
standard deviation ¢,,; to randomize the predicted cross-
correlation function R, (w;.t). A plot of the predicted
cross-correlation function R |, {©,,f) and a typical set of ran-
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domized data are shown in Fig. 4. A nonlinear curve-fitting
routine is then used to calculate the line center w; of this
randomized data. Figure 5 shows a plot of the true cross-
correlation function R |, (w,,?) and the function fitted to the
randomized data. The distance between the line centers of
these two functions is the error o, in the line center w,.

The randomization procedure is repeated » times (typi-
cally » = 100) for each set of plasma parameters. The pre-
dicted error in measurement o, of the line center @ is then
calculated using

m:;m Z (a),\—-a) )‘

J=1
is the standard deviation in the fitted line center,

(46)

where o,
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F1G. 5. The predicted cross-correlation function and the function fitted to
the randomized data plotted vs frequency. The horizontal separation be-
tween the marked line centers is the error in the estimated line center.

@y is the true line center, and o; is the line center of the fitted
function for the jfth set of random data. The standard devi-
ation is divided by the frequency of the true line center @, to
obtain the fractional error €, in the estimated line center.
For each set of plasma parameters, the calculation is repeat-
ed for many possible values of 4, the fractional fluctuation
in ECE emission due to fiuctuations in density, temperature,
or magnetic field.

E. Resuits

in running this simulation for a particular plasma de-
vice, a set of parameters describing the expected conditions
for that device must be established. The important param-
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eters dependent on the plasma device include the expected
relative amplitude of the emission fluctuation compared to
the amplitude of the cyclotron peak (the fluctuation fracticn
Az ), the electron temperature T, at the crossing volume,
the correlation length /, at the crossing volume, the wall
reflectivity R,,, the viewing dump efficiency 7, and the inte-
gration time T over which the correlation is performed. The
parameters which are determined by the diagnostic device
design include the number of channels of data per sightline,
the bandwidth dw,, of each channel, the center frequency o,
of each channel, the response time 7 of the microwave crystal
detectors, the angle of intersection of the two sightlines, and
the digitization rate of the signals at the detectors.

1. TEXT

Figure 6 shows a plot of the fractional error in the mag-
netic field (8B/B = 0,,/w,) vs Ay, for the set of reference
conditions listed below (see Tabtle I for a description of the
parameters listed on Figs. 6-13). Here we assume the ampli-
tude fluctuation 4,, (fluctuation fraction) might be due to
density fiuctuations for instance. The plot shows the error in
measuring the line center or absclute value of the magnetic
field to be about 1.5 107 * of the field. The absolute mag-
netic field sirength is obtained directly from w, with the
same relative error. The time resolution is determined by the
averaging time 7T of the correlation integral. Note that the
sawtooth shape of the curves in this plot is due to the statisti-
cal nature of the simulation and not to any physical aberra-
tion.

In designing our conceptual diagnostic device for
TEXT, we have chosen the following parameter values:

(1)channels per sightline = 16,

(2)bandwidth of each channel 8w, /27 = 1060 MHz,

(3)response time of each microwave crystal detector

7=1 s,
LC = 146.0 GHZ
NC = 16
BW = 100. MHKZ
CSP = 200. MHZ
DTC = .001 ms F1G. 6. Uncertainty in the magnetic field mea-
YDE = 99.0% surement for magnetic fluctuations up to 10
kHz on TEXT. The horizomal axis represents
WR = 90.0% the ECE amplitede fluctuation used for correla-
CGL = 1.00 CM tion (due to #, fluctuations, for instance). Sce
. Table I for a description of the parameter abbre-
DIG = 1000. KHZ  vistions on this plot.
COT = 0.1 ms
RAD 1.15 M
ANG 45.0 DEG
NUM i00
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TaBLE L. Description of parameter list for Figs. 6~13.

1C The center frequency of the ECE line center at the sightline crossing point, w;.
NC The number of data channels per sightline.

BW The frequency bandwidth of each channel, Sw,/27.

CSP The frequency spacing between channel centers, (channel spacing).

DTC The response time 7 of the microwave crystal detectors (detector time constant).
VDE The viewing dump efficiency, 7.

WR The vacuum vessel wall reflectivity, R ,.

COL The assumed correlation length {, of the plasma fluctuations.

DIG The digitization frequency of the ADCs.

COT The correlation time T of the cross correlation integral.

RAD The sightline crossing point on the major radius, R

ANG The angle of intersection of the two sightlines.

NUM The number of random data sets to be averaged over per set of input parameters.

{4)digitization rate of the detector signals =1 MHaz,

and

{5)angle of intersection of the sightlines = 45°.

For operation on TEXT, we have defined our reference
set of parameter values as

(1) ECE third harmonic line center {2 T operation)

@y = 146 GHz,

(2) correlation length /. = 1 cm,

(3) correlation integration time 7" = 100 us,

(4) wall reflectivity R, = 90%,

(5) viewing dump efficiency y = 99%, and

(6) major radius at crossing point, R = 1.15 m.

Note that the expected temperature at the crossing vol-
ume for TEXT will be between 400 and 500 eV.

The most suspect of the reference conditions is the cor-
relation length /.. We have estimated /, in TEXT from Ref.
11. Figure 7 shows that increasing the correlation length by
50% to 1.5 cm causes the relative error to increase from
1.5 107 t02.5x 10 ~3. This error can be reduced by vary-

ing other parameters over which we have control. For exam-
ple in the above case, increasing the correlation integration
time by a factor of ten to 1 ms causes the error to drop to
0.5x 10 (see Fig. 8).

For longer correlation times, the error in the measure-
ment of |B| becomes small even for very low fluctuation
levels (4;, ~1%). Figure 9 shows the expected error for
7T = 10 ms to be less than .25 10 3,

Starting with the reference conditions, we performed a
sensitivity study on how the error changed with variations in
the parameter set. Some general conclusions are that the
error decreases when we

(1) increase the number of channels per sightline and
decrease the bandwidth of each channel,

{2) decrease the response time of the detectors,

(3) increase the digitization rate (but it cannot be in-
creased above 1 MHz unless the microwave detec-
tor time constant 7 is decreased and there is true
signal at these higher frequencies),
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LC = 146.0 GHZ

NC = 168

B¥ = 100. MHZ

CSP = 200. MHZ

DTC = .0Cl ms

VDE = 99.0% F1G. 7. Same as Fig. 6 for TEXT except that the
WR = 90.0% correlation length has been increased from 1.0
COL = 1.50 CM cmto 1.5 cm.

DIG = 1000. KHZ

COT = 0.1 ms

RAD = 1.15 M

ANG = 45.0 DEG

NUM = 100
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(4) increase the correlation integration time,

(5) decrease the wall reflectivity, or

(6) increase the viewing dump efficiency.

The magnitude of the response of the error to changes in
the above parameters varies with each parameter, but the
error is most sensitive to changes in the digitization rate and
correlation integration time.

2 CiT

We have also used our simulation to study the use of this
diagnostic on CIT. We believe our resulis demonstrate that

we can measure |B| in CIT with a resolution of 1 X 10~ of
the toroidal field or better. This can be achieved by correlat-
ing the emission in the crossed-sightlines for 7" = 10-100 ms.
This long integration allows the ECE correlation line center
@y 10 be accurately measured even at the very high electron
temperatures expected in CIT.

We divided our CIT investigation into two parts, first
investigating magnetic fluctuation measurements and then
magnetic field (|B|) profile measurements. Due to the rela-
tivistic spreading of the cyclotron peak as the electron tem-
perature increases, we found that fiuctuation measurements
at the 1 X 1077 level with good time resolution will be con-
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LC = 146.0 GHZ

NC = 16

BW = 100. MHZ

CSP = 200. MHZ

0TC = .0C1 ms

VDE = 99.0% FIG. 9. Same as Fig. 8 except that the correlation
WR = 90.0% imegrat?on time has been ir.xcreased to 10 ms to
COL = 1.50 CM f;afe}?swe the low uncertainty that can be ob-
DIG = 1000. KHZ

CO0T = 10.0 ms

RAD = 1.15 M

ANG = 45.0 OEG

NUM = 100
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fined to the cooler plasma edge region. Figure 10 shows that
for the expected conditions in CIT and for our base set of
system design parameters we expect to measure parailel fiuc-
tuations (if any} in {B| of 13X 102 of the toroidal field at
r/a = 0.9 and 10 kHz. The parameter set we have defined for
CIT to obtain this plot includes Ry, =2.0 m, ¢ =0.5 m,
B, =103T,7T,, = 10keV,and T,,, = 0.5keV. These val-
ues are not necessarily those given in the latest CIT designs,
but they are sufficiently close to the design values to allow for
a reasonable simulation of the error in the measurement.
At 10 cm from the edge, the relativistic spreading of the
ECE peak begins to greatly increase the error in the mea-

sured line center. The electron temperature increases by al-
most 1000 eV when moving from r/a = 0.9tc r/a = 0.8 (for
our simulation }, and the uncertainty in the |B| measurement
increases by a factor of 3. Fortunately, we can vary certain

" parameters in the data analysis to reduce this uncertainty. In

Fig. 11 we have increased the correlation integration time to
10 ms from the 100 us in Fig. 10. This increase ia the correla-
tion time now allows us to measure [B| to within about
0.25% 1077 of the toroidal field but now at 100 Hz. Note
that as the natural linewidth of the ECE peak increases, the
detector channel bandwidths and channel spacing must also
be increased correspondingly.
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At r/a = 0.5, we take the electron temperature as 5.5-6
keV. Figure 12 shows that at this location with a correlation
time of 100 ms, the magnetic field can be measured with an
uncertainty of less than 1 X 10 ~* of the toroidal field. Figure
13 shows the uncertainty of the magnetic field measurement
at the center of the torus, again with a correlation time of 100
ms, to be about 23X 107 of the toroidal field. These two

examples indicate that we can hope to make magnetic field
measurements with an error of less than 0.2% (and usually
much better) across the CIT plasma. 1t should aiso be noted
that our diagnostic design has still not been optimized (with
regards to picking the number of channels, channel center
frequencies, and channel frequency widths) and that opti-
mization may very well increase the resolution.
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LC = 864.8 GHZ
NC = 16

BW = 60C0. MHZ

C3P = 12000. MHZ

DTC = .001 ms

VOE = 99.0% F1G. 13. Same as Fig. 12 for CIT except that the
WR = S0.0% crossing point {measurement point) is now at
0L = 1.50 M the plasma center.

DIG = 1000. KHZ

COT = 160.0 ms

RAD = 2.00 M

ANG = 45.0 DEG

NUM = 100
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VI. NUMERICAL SIMULATION OF THE POLOIDAL
MAGNETIC FIELD MEASUREMENT

A. OQverview

It was shown in Sec. IV C that the poloidal magnetic
field By can be inferred from the |B| measurement, see Eq.
(32). The purpose of this numerical simulation is to deter-
mine the unceriainty in inferring B, from |B!.

B. Fiefld model

To simulate a B, measurement, we begin by assuming a
toroidal plasma current profile,

L1 — (r/a)"]
14+ (¥/R,)cos & '

where [, is the normalized (such that the integral gives the
total current) central value of the plasma current, r,a, R,
and & are the standard toroida! parameters, and # is a shape
factor for the current profile. Then B, is calculated by apply-
ing Faraday’s Law and integrating,

£
B, (r) = 241—

Y Jo

Js(n0) = 47

Jo(r8)rdrde. (48)

Mext an estimate for the toroidal field due to the force-
free plasma current By, is obtained from j, and the toroidal
field B, =B, + B,, where B, is defined as the standard to-
kamak vacuum field,

B, = B,/(1 + (#/R,) cos 9). (49)

B, is the central value of the vacuum field, and B, is ob-
tained from the toroidal equilibrium equation, Eq. (30), as
discussed in Sec. IV C. To estimate B, it is assumed that the
force free plasma current exactly follows the magnetic field
lines so that

By/By =js/ios (50)
where J, is the previcusly defined toroidal current, and j, is
the poloidal current. Now solving Eq. (50) for j, and substi-
tuting in the expressions for j,, B, and B, we can write

- (/a)"] ¢ 1 —¢ n
je(r’g):#o ol ( )] f 11— (r/a)"]
rBy(1—f/2y Jo 1+ (r/Ry)cos@

(51
where all the above quantities have been previously defined.
Using j, in Faraday’s Law, B, (7, ¢ = 0) can be written as

o Ja ,
B 0) = ——— (Ro — #)jo(r, mr)dr
r (1O Ry +r [ o ¢ Je

"—f (R() +r)j9(r90)dr}: (52)
&3

where it has been assumed that the |B| measurements will be
made on the tokamak midplane with § = 0. Assuming a pro-
file for beta, B =L,[1 -~ (#/e)}™], then |B| is calculated
using Eq. (29).

C. Error anatysis

Using standard error propagation methods on Eq. (32),
the following expression for the uncertainty in the poloidal
magnetic field is obtained,
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1
4B2
X[B,(1 =)+ B, (1 -8/
+4B%,€, (B, + B, (1 —B/2)}*
+ 8% (By,B, + B})'}, (53)

where €5 =0,/{B| is the uncertainty in the |B| measure-
ment, €, =¢,/B, is the uncertainty in B, at the sightline
crossing point, €,, =0,,/B,, is the uncertainty in B,,, and
€z =0g/P is the uncertainty in 3. For By <€ B, <1, Eq.
(53) can be simplified to

5(150’9/39;(‘3{/36)2(5% + ey (54}
Using the predicted uncertainty in |B| and assuming reason-
able values for the uncertainties in B,,, B, , and £, the rela-

tive uncertainty €, in B, can be calculated. Note that for
high current or small aspect ratio, Eq. (53) should be used.

o} = {4|Bl*€} + 4B

D. Pesulis

This simulation calculates the uncertainty in the poloi-
dal magnetic field, inferred from a |B| measurement, as a
function of radius. The required parameters to perform this
analysis are the minor radius g, the major radius K, the
central magnetic field B, the central beta 3, the toroidal
plasma current [, and the current and beta profile param-
eters # and m. The estimated uncertainties in |Bf, 8,, B,,,
and /3 are also required.

1. FEXT

Figure 14 shows a plot of the uncertainty in the inferred
poloidal magnetic field B, versus position along the minor
radius for the reference parameter set below for TEXT. This
plot indicates that the poloidal magnetic field can be mea-
sured with an uncertainty of less than 20% for r/a=0.2 and
less than 10% for #/a 0.3, but for r/a < 0.2 the uncertainty
increases rapidly as the measurement point moves towards
the plasma center. This large uncertainty for r/a < 0.2 is due
to the small poloidal field near the plasma center. The refer-
ence parameter set for this plot is ¢ =30 cm, Ry =1 m,
By=10 T, I,=250 kA, B8=2%, n=2, m=12,
€p =0.1%, €, =0.01%, €;, = 0.5%, and 4 = 5%.

Starting with this reference parameter set, we per-
formed a sensitivity analysis on each of the parameters. For
example, in Fig. 15, B, has been increased to 2 T. This causes
the uncertainty in B, to increase to between 10% and 20%
for r/a>0.4.

In the |{B| measurement simulation for TEXT, the re-
sults given in Sec. V E 1 emphasize faster time resolution;
however, if the emphasis is put on reducing the uncertainty
in the measurcment, then longer correfation times can be
used and the uncertainty significantly reduced. For example,
if we cut €5 in half to 0.05% (10 ms integration time) then
the uncertainty in £, is cut in half over the same range. This
is shown in Fig. 16.

Examining Eq. {32) and Eq. (54), it can be seen that ¢,
decreases as

(1) the square of the plasma current,

Efectron cyclotron emission 682
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(2) the square of the decrease in the toroidal magnetic ~ 2. CfT

field, For CIT this simulation demonstrates that we can hope

(3) the current profile parameter n increases, to make B, measurements for #/a»0.2 with an uncertainty

(4) the uncertainty in the |B| measurement decreases,  of less than 15% and for 7/a>0.4 with an uncertainty of less

and than 5%. Figure 17 shows a plot of this uncertainty for the

(5) the uncertainty in the vacuum field decreases. CIT reference parameter set given below. The uncertainty in
Note that 8, €4, and €,, normally have a negligible ef-  the B, measurement for CIT is much smaller over much of
fect on the uncertainty in By, the minor radius than for TEXT because the plasma current,

UNCERTAINTY IN POLOIDAL MAGNETIC FIELD

1.0

; A= .3 M

A = RO = 1.0 M

Co.8—— 10 = 0.25 MA

I \ BO = 2.0 T

0T BETAQ = 2.0%

AQ.6—— N = 2.0 FiG. 15. Same as Fig. 14 except that the magnet-

L y 2.0 ic field has been increased to 2.0 T from the 1.0
-1 \ = 4 T in Fig. 14.

u UNC BETA = 5.0%

No.4—— -

¢ UNC_BPHI = 0.5%

£ UNC_BV = .01%

T -

a0.2—— UNC_MODB .10%

I

N .

: | | ! |

Yo.C i ! T T A T
0.0 0.2 0.4 0.6 0.8 1.0

ria

683 Rev. Sei. instrum,, Vol. 61, No. 2, February 1880 Electron cyclotron emission 683




UNCERTAINTY IN POLOIDAL MAGNETIC FIELD

F1..0

R o

A

0.8 \\

I

0 —

N \

AQ.6~——

L

y _

NO 4t

AR

€ _

R \

7

A0.2—— \

I

N N

U i s i f

Ya. T r T I T T T 1 T
0.0 0.2 0.4 0.6 0.8 1.0

and therefore B,, is larger. The reference parameter set for
ClTisa=05m, Ry, =20m, B, =1037T, I, = 10 MA,
Bo=5%, n=2, m=2, €5=01%, ¢,=005%,
€4p = 3%, €5 = 3%.

InFig. 18, we havereduced B, to7 Tand I to7TMA to
be more indicative of the initial operating regime expected
for CIT. Under these conditions, we can expect to measure
B, with an uncertainty of less than 10% for r/a>>0.2.
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A= 3 M
RC = 1.0 M
10 = 0.25 MA
BO = 2.0 7T
BETAGC = 2.0%
N =2.0
F1G. 16. Same as Fig. 14 except that the magnet-

M=2.0 ic field has been increased to 2 T as in Fig. 15
UNC_BETA = 5.0% and the L}r;certainty in | B| has been decreased to
UNC_BPHI = 0.5% 031077
UNC_BY = .01%
UNC_MODB = .05%

Vil. DISCUSSION

We believe that the calculations above indicate that the
potential of this diagnostic is excellent. With careful design
and construction, it has a very good chance of measuring
paraliel fluctuations in |B| as small as 1 X 10 * of the toroi-
dal field at 10 kHz or even smaller fluctuations at lower
frequencies on both TEXT and CIT. Our results also indi-

A= .5 M

RO = 2.0 M

I0 = 10.00 MA

BO = 10.3 T

BETAQ = 5.0%

N = 2.0 ,

M < 2.0 F16. 17. Estimated uncertainty in the poloidal
Toer magnetic field calculated from the |B| measure-

UNC_BETA = 5.0X% menton CIT for a high field, high current con-

UNC_BPHI = 1.0% Dguration.

UNC_BvY = .05%

UNC_MODB = .10%
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cate that the absolute magnetic field strength can be mea-
sured with an uncertainty of less than 0.10% on both de-
vices. With f measurements from another source, we should
be able to infer the polcidal magnetic field with an uncertain-
ty of less than 10% for r/a greater than about 0.2. The diag-
nostic also has the potential of measuring electron tempera-
ture and density fluctuations.

ACKNOWLEDGMENTS

Work leading to the conceptual design and numerical
simulation of this proposed diagnostic was supported by the
United States Department of Energy, Office of Fusion Ener-
gy, under contract DE-FG05-87ER 53253, and by the Geor-
gia Institute of Technology. We also owe considerable
thanks to our colleagues Pete Politzer, John Wilgen, Rex
Gandy, Dave Rasmussen, and Jim Callen for useful discus-
sions about this diagnostic.

APPENDIX: DISCUSSION OF COHERENCE OF THE
STATISTICAL FLUCTUATIONS OF THERMAL
CYCLOTRON EMISSION ON A CROSSED-SIGHTLINE
DIAGNOSTIC

It can be shown'? that the statistical (quantum) fluctu-
ations due to the thermal nature of the electron cyclotron
emission {ECE) viewed by two independent detectors look-
ing on crossed sightlines through a plasma are uncorrelated
when the two detectors (as seen from the emission volume)
are separated by an angle

8, = (v,/27) (1 /p), (55)
where v, is the nth root of the Bessel function J(v), 4 is the
center wavelength of the detector bandpass, and p is the radi-
us of the ECE source. It has been assumed that the source
and detector dimensions are small compared to the distances
between them and that the source is a uniform flat disk.

For dimensions typical of the proposed crossed-sight-
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A= .5 M

RO = 2.0 M

I0 = 7.00 MA

BO = 7.0 7

BETAC = 5.0%

N = 2.0

M= 2.0 FiG. 18. Uncertainty in the poloidal magnetic

UNC BETA = 5.0% f?e]d inferred from the |B| meastrement on CIT
- for a low ficld, low current configuration.

UNC_BPHI = 1.0%

UNC_BV = .05%

UNC_MODB = .10%

line diagnostic (1 = 3 mm, p = 1 ¢m), the angular separa-
tion of the two receivers must be 25.9° to assure that the
statistical fluctuations in the emission will be uncorrelated.
For angles other than 25.9°, the coherence level of the fluc-
tuations to be measured compared to the de signal must be
higher than the coherence level of the statistical fluctuations
compared to the dc level. The maximum degree of coherence
of the statistical fluctuations for angles greater than 25.9°is
0.14.

In addition to the above, it should also be noted that any
coherence of the thermal emission will actually improve the
crossed-sightline measurement of the magnetic field (al-
though it would prevent its use for measuring temperature or
density fluctuations).
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