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Rotation Velocities and Radial Electric Field in the Plasma Edge
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A set of equations for the calculation of plasma rotation and the radial electric field in the edge plasma is
presented. The equations are based on particle and momentum balance and explicitly incorporate neoclassical
viscosity and atomic physics effects, and allow for the inclusion of anomalous effects.
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1 Introduction

The toroidal and poloidal rotation and related radial electric field observed in the edge (and core) of tokamak
plasmas are of interest for several reasons, not least of which is what they reveal about radial momentum transport,
but also because of their apparent role in the L-H transition and the edge pedestal. It was recently shown [1] that
if the heat transport coefficients and rotation velocities are taken from experiment, then the particle, momentum
and energy balance equations and the conductive heat conduction relation are sufficient to determine the observed
edge pedestal profile structure in the density and temperature profiles in several DIII-D discharges. Thus, it would
seem that understanding the edge pedestal structure is a matter of understanding the edge rotation profiles. We
present a practical computational model for the rotation and the radial electric field profiles in the plasma edge
that is based on momentum and particle balance, includes both convective (including anomalous) and neoclassical
gyroviscous momentum transport, and incorporates atomic physics effects associated with recycling neutrals.

2 Radial Electric Field

An expression for the radial electric field can be derived from the radial component of the momentum balance
equation for ion species j’

njm; (V- V) V], 4 [V T+ 5 = nje; (Br + Vi By — Vo Bo) + )
Erj+ Myj —m; (njVat,j + SJ) Vi
where M¢; is the {—component of the momentum input, S i = S; — (5;) is the poloidally varying part of the
ionization source (due to recycling and fueling neutral influx and neutral beam injection), F} is the friction force
and vt = Vion,j + Ver,j + Vel,j TEPresents atomic physics processes — ionization, charge exchange, elastic
scattering.

The radial component of Eq. (1) yields

1 9p; M0 V2o V2
B, = — 5 4 v, By~ Vy; By — — 0% "9 2
nje; Or + Ve 6550 €; <C0b R * r @)

where the unfamiliar last term results from retention of inertial effects to leading order.
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3 Poloidal rotation and density asymmetries

Equations for the poloidal rotation velocities and for the poloidal density asymmetries can be derived from the

733

poloidal components of the momentum balance equations and the particle balance equations for ion species “j

9p;
nm; (V- V) Vjlg + [V - Tl + 2 55 — Myj — Foj+

3
nje; (VijBg — Eg) +m; (njvezm + Sj) =0 G)
where the poloidal components of the inertial and viscous terms are
OVo;  VeiVo 110V VE
njmy; [(V] ’ v) Vj]a = Njm; V;"]a—rj + jT 5;8—93 + % sin 0 4)
and
1 101In (no; Aoj) sin 0
[V - 1;l5 = 10; (§Aoj) {; 89J L3 i 3)
with
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and the neoclassical parallel viscosity coefficient can be represented by [2]

_nymjuggqRePur *
o (L+e32u) (L+vy) nymjviniqRf; (vj;) @

where v}; = v;qR/vinj, fp = Bp/By and € = 1/R.

Making low-order Fourier expansions of the form n; (r,6) = n (r) + n sin 6 + n§ cos 6 and taking the
flux surface average with weighting functions 1, sinf and cos6 results in a coupled set of equations (three times
the number of ion species) that can be solved for the V3 and n = n}* /enj for all the plasma ion species.
Assuming V;.; << Vp; < Vi, the resulting equations are

Vo [—CJ‘ZM € (ﬁi + E’S) — 4’ fifp (1 + &+ %ﬁﬁ) +Jp Ig Vit
J
~ nl - ~ ~ ~
1w i fo + 53S0V ion {(1 +15) (n_g (g +7g;) — (75 + ng])) +
s (B (g + ) — (5 +75,) ) }] - > o [fpujk,/z—i] _
v

Ty —aekis - qb, [3 (80 4 msde —msd)] - 2 hf, (Vi + B) B ®

-~ ~ —\ ~ -~ 0 -~
—4eVo; [(Vqu + Pj) °° + %qujﬁﬂ — 28 Vionjd [me (7€ + 75;)
—§ij (ﬁ; + ﬁfn)]
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where the “e” and “o0” subscripts refer to electrons and neutrals, respectively, and

. Vgo. . Vo . VO. N e PO
Voj = 7 UJ o Ve = = 2 V= o o\’ ®; = JT ;
p Uthj thj ( < B ) |fp| ( ) J
c
0 /s ¢ c/s

Pio_ L O O net o ogo_®h ne

7 BgnSejug Or % T end)’ € e(e®0/T,)
78 s 0 _ 0 0 —1 [ ~s s x5 -/ 0
Vi =Vii/eVas = = Vay/Vai) I ("j + @ ) +@ (1 +P1/V¢j)
e c 0 _ T Fc -/ 0
Vi = Vi eV = 1= (Va3 /Vay) £y (2+ + @ ) +e (1 +Pj/V¢j)

. l/?k N . (Vzoonj + Vzoonj,nb) r * N ( cw,j + Vel ]) r (11)
ij - 'Uthj/qR7 Vionj - Vihj ) Velcx,j - Vthj

The corresponding Fourier components of the poloidal velocity are given by

Vi = V7 [eV) = (rvion [ Vgy) (W +705;) — 75,
Vi = VE[eV) = = (vion [ Vo) (7 + 75;) — (14 7)) (12)
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4 Toroidal viscous force

The toroidal viscous force (actually torque) can be written in toroidal flux surface coordinates [3]

1 9
Rh,, Ol

9  RIL,

2
II -
(R hp w¢) + ( Bp

QV v
RVe Pal,

) (13)

where the Il¢, are the stress tensor elements. In this Braginskii decomposition [4] of the rate-of-strain tensor in
a flux-surface coordinate system, the neoclassical viscous stress tensors have ‘perpendicular’ components with
coefficients 72 that are well known to be too small to account for the observed radial momentum transport rate,
gyroviscous components

0 0
gv _ _ V gv _ __ V
e, "4R_al,,( ¢/R), 075 =~ ( 4’/3) (14)
and ‘parallel’ viscous components

3
m, =0, M, = —5M0fpAo (15)
The Braginskii values [4] of the viscosity coefficients for a collisional plasma are
N0 ~ nTT freo > s~ nTm/ZeB = no fi.l Q7 > mp ~ ma /Qr ~ nofik ) (07)? (16)

where 7 is the self-collision frequency and 2 = m/ZeB is the gyrofrequency. Since typically Q7 ~ 1073 —
10~4, Nofneo >> Ma >> n2. Taking into account lower collisionality should not effect 74, which has no 7-
dependence, and has been shown [5, 6] to have very little effect on 2. However, collisionality has a major effect
on 19, which we represent as indicated in Eq. (7) and as f,,e, above. It has also been shown [7-9] that it may
be necessary to extend the viscous torque to include heat flux terms in steep gradient regions with small rotation
velocities, such as are found in the plasma edge.

5 Toroidal Rotation

Equations for the toroidal rotation can be derived from the toroidal component of the angular momentum balance

733

equation and the particle balance equation for species

R2V¢ s NGy (Vj . V) Vj + R2V¢ -V Hj = njejR (E;? + ‘/erO) -

- (17)
Rnjmgvjy, (V¢j — V¢k) + RMgy; — Rm; (njl/am' + Sj) Vi

where the toroidal component of the inertial term is

WVei ViV, Voj OV ViiVaj .
R®V¢-njm; (V;-V)V; = Rn;m; (‘/rja—fj + jTMcosG—F Tj ('Mj - #sm@ (18)

5.1 Gradient Scale Length Formulation

If we can obtain gradient scale lengths (e.g. from experiment), then the flux surface averages of Eq. (17) for all
can be written as a coupled set of algebraic equations at each radial point

n?mjygk (1+8;) V(;?j — Vi) = n?ejE:; +e;BIT; + ng = n?mjygkyj, (19)
where My ; is the momentum input from the neutral beams, M ”Jl? , and possibly from other “anomalous” mecha-

nisms, M g7, and the radial transfer of toroidal momentum by viscous, inertial, and atomic physics and perhaps
“anomalous” processes is represented by the parameter

0 0 0 0 0 . 0 0 0 . *
_ Vdj + an + V’Lonj,nb + Vi(mj + Velcm,j + Vanom,j _ Vdj + an + Vatom,j + Vanom,j _ Vdj 2
ik ik ik
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where v,,; is the frequency for the radial transport of toroidal angular momentum due to inertial effects, Vgtom, j

is the frequency for loss of toroidal momentum due to atomic physics processes Vgnom,jis the frequency for loss
of toroidal momentum by “anomalous” processes (e.g. turbulent transport, ripple viscosity).
The gyroviscous momentum transport frequency is defined by

0
1~ ‘njijj V;fj =

(R*V6 -V mj) =~ 50, B, T Rnjm;vg V), 21)
where
;= (4+05) Vi +75 (1- V) 22)
represents poloidal asymmetries and
r 0 (m;Ve;) e
Gj=— =r (L2t + L7t + L)) 23
! MajVe; — Or e (23)

represent radial gradients. We have used the gyroviscosity coefficient n4; ~ n,;m;T;/e;B.
The inertial momentum transport frequency is defined by

1/Ve e e _
(R2V6-nym; (V; e V) V) = o (Rj {e(vems+75) - 2RoLi), ) -
‘/903 /s ~c T/c 17 17c ] 0 _ 0
R (Vo (V475 + V) = sy (14 V5,) = Vs }) mymy RVS, = Rigmgun; VS, (24)
The last term vanishes in the absence of ionization sources.

5.2 Differential Equation Formulation

If the radial gradient scale lengths in the vg4; and v,; (in §;) in Eqs. (19) are replaced by their definitions
L' = — (1/x) (dz/dr), then these equations become coupled first order ODEs that must be solved for the Vd?j’
together with similar equations for the density and temperature [1].

Alternatively, it is possible to solve explicitly for the poloidal dependence of the toroidal rotation velocity by
expanding the poloidal dependence of the toroidal rotation frequency

Vi
Qyj (r,0) = % = ng (r) +Qg; (r)sin 4 Qg (1) cos 0 (25)

using similar density and poloidal velocity expansions, and flux surface averaging with weighting functions of 1,

1332

sin # and cos 6 then leads to three equations for each ion species “j

oy, Qs [ ndns s, | nd; (75+3)
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(26)
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where 57¢ = (4, =) Vion (n" + ng;) The radial velocity V;; = V,5%° + V,%"™, where the classical term
can be calculated from particle, momentum and energy balance [1] and any anomalous momentum transport is
assumed to be convective.

6 Application to DIII-D

The above formalism, with the gradient scale-length formulation of section 5.1, was applied to calculate rotation
Vo and FE,. in a few DIII-D shots. Density and temperature profiles and gradient scale lengths were taken from
experiment, and the total momentum transfer frequency v, was inferred from experiment by matching the Vo;
calculated from Eq. (18) to experiment, and then compared with the calculated gyroviscous and atomic transfer
frequencies, as shown in Fig. 1 for LSN shot with continuous gas fueling. Neoclassical gyroviscosity and atomic
physics can not fully account for the radial momentum transport in the plasma edge in this shot, indicating the
necessity of an additional momentum transport mechanism in the edge.

The poloidal velocities are compared with measured values in Fig. 2. The agreement for the carbon rotation
velocities are within the experimental error, except perhaps at the separatrix.
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Fig. 1 Experimentally inferred and calculated angular mo- Fig. 2 Measured and calculated poloidal rotation ve-
mentum transfer frequencies in DIII-D. locities in DIII-D.
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