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A moments equation formalism for the interpretation of the experimental ion thermal diffusivity
from experimental data is used to determine the radial ion thermal conduction flux that must be
used to interpret the measured data. It is shown that the total ion energy flux must be corrected for
thermal and rotational energy convection, for the work done by the flowing plasma against the
pressure and viscosity, and for ion orbit loss of particles and energy, and expressions are presented
for these corrections. Each of these factors is shown to have a significant effect on the interpreted
ion thermal diffusivity in a representative DIII-D [J. Luxon, Nucl. Fusion 42, 614 (2002)]
discharge. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4873385]

I. INTRODUCTION

Interpretation of the measured radial profiles of density
and temperature in the plasma edge in terms of the underly-
ing particle and energy transport mechanisms has long been
and remains (e.g., Refs. 1-9) an active area of research in
tokamak plasma physics, in large part because of the per-
ceived importance of the edge temperature in determining
the core temperature in future tokamaks (e.g., Ref. 10). In
many codes used for the prediction of plasma density and
temperature profiles, particle and energy transport are
assumed to satisfy Fick’s (I' = —Ddn/0r) and Fourier’s
(¢ = —ny 0T /Or) Laws for the diffusive particle and conduc-
tive energy fluxes, respectively. However, these Laws have
sometimes been found to lead to unphysical values being
required for the particle D and/or thermal y diffusivities in
order to match measured particle and temperature profiles.®
A rigorous derivation of the particle flux from the first two
moments of the Boltzmann equation (particle and momentum
balance)'""'? showed that the radial particle flux must satisfy a
pinch-diffusion  relation (F = —DA(nT)/0r + an,-m.h),
where the pinch term involves electromagnetic and neutral

beam forces, and the particle diffusion coefficient is specified
in terms of the momentum exchange frequencies. One pur-
pose of this paper is to explore the possibility of a similar rela-
tion for the ion thermal conductive flux q. More generally, the
broad purpose of this paper is to explore some further theory-
based extensions of the methodology used to interpret thermal
transport in the plasma edge.

Il. MOMENTS EQUATIONS

Writing the Boltzmann equation as Bf; = C(f}, >4 /k)
+S;, where B is the Boltzmann operator involving differen-
tials in time, space, and velocity, C is the collision operator,
fi(r,V;) is the distribution function of species j, and S; is the
source rate of species j, the moments equations are obtalned
by multiplying by Z,(V;) and integrating over V;. The first
four weighting factors used in this paper are Zy =1, Z,
=V, 4, = 2m(V -V;), andZ3 = 2m(V V)V, Choosmg
a normalization such that n; = [f;(V , the average ve-
locity V; = [ V£i(V,)dV;/n, etc., and decomposmg the ve-
locity varlable vector into the average velocity plus a
random velocity V; = V; + w; leads to"’

Y M o
Ve (V) = =5+,
S o av; I 1 v <0 (1
Hjl’}’lj(Vj . V)Vj + Vp; + V-1l = —njm;—— By L+ I’l,e,(E + V X B) + R (Sj - mjVij)>
_ 38p
V-Q=—3 a’+n,e,V E+R:+57,

where the superscripts on R and S indicate the Z, moment of
the collision and source terms, respectively, and the “2” sub-
script on IT indicates a viscosity tensor of second order.

The quantity Q = zmjfjj )(Vj-V;)V;dV; is the total
energy flux for species j, which may be shown ~ to consist of
thermal and kinetic energy plus the work done by the
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outflowing plasma against pressure and viscous shear. It can
be represented in terms of the lower order velocity moments
(density, average velocity), the second order velocity
moment (pressure, or equivalently temperature T = p/n), and
a new third order velocity moment identified as the thermal
conduction, q = %m,j(wj . Wj)w,-dwj

© 2014 AIP Publishing LLC
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_ 1 - TR
Q= (5"/'”./‘ (V;i-V)V; 50Vt {pV;+V; Ty} + q/) :
2

The first term represents the convection of rotational kinetic
energy, the second term represents the convection of thermal
plasma energy, the third term represents the work done by
the flowing plasma against the pressure and viscous stress,
and the last term represents the conduction of thermal plasma
energy.

A moments derivation of this sort always has the lack of
closure problem—no matter at which order the set of
moments equations are terminated there is at least one more
unknown than equation. For example, the first of Egs. (1) has
two unknowns, the density (zeroth order velocity moment)
and the average velocity (first order velocity moment); the
set of the first two equations contains a third unknown, the
pressure (second order velocity moment); and the set of the
first three equations has a fourth unknown, the thermal con-
duction (third order velocity moment).

The fourth moment equation (Eq. 5.9 or 5.29 of Ref. 13)
involves the thermal conduction flux q; and both higher and
lower order moment unknowns. Inclusion of this fourth
moment equation, which involves electromagnetic “energy
pinch” terms, in the set of Eq. (1) presumably would provide
a more accurate set of equations and extend the issue of clo-
sure to one higher order. However, inclusion of this fourth
moment equation results in an extremely formidable set of
moments equations which would not likely be much used in
either the interpretation or prediction of transport in the edge
plasma. Thus, while it seems that there is a “pinch-diffusion”
relation for the conductive heat flux, it seems more practical
to use Egs. (1) and (2) together with a transport theory clo-
sure relation.

lll. RADIAL THERMAL CONDUCTIVE ENERGY FLUX

Once the total radial heat and particle fluxes, density,
pressure, and average velocities are determined from experi-
mental measurement and by solving Eq. (1), the conductive
thermal flux can be determined from the radial component of
Eq. (2)

_ 3 o I .
Grj=Qrj =3PV i =51 (Vi-V)Vii= 0V +V; Ty,

2
3

which requires in addition the evaluation of the viscous term.

Using Braginskii’s decomposition of the viscous stress
tensor'*'> generalized to toroidal flux surface geometry,'®!’
the viscous term becomes

V- Ty -n, =n,{—1/3(0V4;/0lg) + (Vo;/RBy)[O(RBg) | Oly)
+HR[O(Vyi/R) /0] },
4

where f,, = By/Bg and the Shaing-Sigmar extension'® of the
parallel viscosity coefficient to arbitrary collisionality is

o =nm;V,,qRf;, with fi=v5/(1+&vi)(14v5),6=r/R,
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Vi =VjiqR [V, and here q is the safety factor. For the circu-
lar toroidal flux surface representation R=R,(1+&cos0),
B=B,/(1+ecos0), RBy#f(0) and the thermal conduction

flux can be calculated from
_ 3 vV
i =0, —TiniV,iq =+ | =L+
qrj J CARAA Y Vg

Vi 1Vy
1 + 2gRf; — 0y ———=0 . 5
* "ﬁ(f"vﬂzj "3V ”)]} ©)

The first term in the {} represents thermal convection, and the
second term represents the convection of rotation energy. The
last term represents the work done against the pressure and
the viscous stress and is driven by poloidal flow asymmetries
80 = (r/ Vo) (@Vo/0s), 85 = (r/(Vs/R)) (9((V 6/R)/00),

the calculation of which is discussed in Refs. 19-21.

+

IV. TRANSPORT CLOSURE RELATIONS

The more or less standard choice for the transport clo-
sure relation is the Fourier heat conduction Law

q; = —njzVTj. (6)

Note that the use of Eq. (6) implicitly assumes a thermal dif-
fusive mechanism that produces a thermal energy flux pro-
portional to the density and to the temperature gradient. This
relation is satisfied by neoclassical theory'® (although there
is also a density gradient term in some cases) and is used to
represent heat conduction caused by various small-scale
instabilities,22 but is not consistent in form with all heat con-
duction theories (e.g., the paleoclassical theory®). For inter-
pretation of experimental transport coefficients for the
purpose of comparison with transport theories having a form
different from Eq. (6), that different form should be adopted
as the closure relation at this point.

Use of the Fourier Law for heat conduction, as is
common practice,® allows the radial thermal diffusivity to be
inferred from the measured temperature and density

distributions, (;{;XP = —q,j/n VT’ = q,.jLeT’;p / n;XpTch"p).
If another form of the thermal conduction relation was used,

it should still be possible to infer the thermal transport coeffi-
cient from the experimental data in a similar manner.

V. INTERPRETATION OF TRANSPORT COEFFICIENTS

As mentioned previously and discussed in Refs. 11, 12,
and 23, and elsewhere, the second of Eq. (1) requires that the
radial particle flux must satisfy a pinch-diffusion relation
(' = —DA(nT)/Or + nV,ien), where the pinch term incor-
porates the electromagnetic and external force terms, and the
particle diffusion coefficient is specified in terms of the mo-
mentum exchange frequencies arising from the viscous, iner-
tial, collisional, and source terms. The magnitude of the
radial particle flux is determined by the first of Eq. (1). The
magnitude of the radial energy flux is determined by solving
the third of Eq. (1), and the conductive radial energy flux is
then determined from Eq. (3) or (5).
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For ions in the tokamak plasma edge, there is a further
factor that affects particle and energy fluxes being
“transported” radially outward. Ions with sufficient energy
can access orbits that will carry them quickly outward across
the last closed flux surface without further collisions or other
interactions with the plasma ions and electrons. Since these
“ion orbit loss” particles do not interact with the plasma ions
and electrons being carried outward by other transport proc-
esses, they should not be included in the total number of par-
ticles or energy for the purpose of interpreting these other
transport processes in the plasma. The ion orbit loss of the
thermalized plasma ions and energy can be calculated from
considerations of conservation of energy, canonical angular
momentum, and magnetic moment.>*>® The thermal ion
orbit losses (and the similarly calculated beam ion orbit
losses) can be incorporated directly into the solution of the
particle continuity and energy balance equations for the ra-
dial ion and energy fluxes from the first and third of Eq. (1),
which are written (in the slab approximation) for a single ion
species and the electrons as®®

8Fr' on; iol aForh' r
—arj = —?;‘FNnhi(l _2fnbi) +n€’n0<o—v>ion -2 or jr’j’
90, 0 (3 o ony S c
ar" = _E (Eanj> + q;bfan —fj—e— njnfy<av>(‘x§ (TJ - TO)
_anrhj A
or =
90, _ 9

3 .
o o (2”eTe> + o+ e —nen.L=(Te),

)
where N,,;,; and q{l’,‘;i are the neutral beam particle and energy
sources, the (ov) are ionization and charge exchange rates,
n, and n. are the neutral and impurity densities, g;_.. is the
ion to electron energy exchange rate, L. is the impurity
radiation emissivity, T}, is the temperature of cold recycling
neutrals, I',; = njV,j and the carat indicates that the radial
particle and heat fluxes are calculated including the effects
of ion orbit loss. A formalism based on the conservation of
canonical angular momentum, energy, and magnetic
moment for the calculation of cumulative (in radius) ther-
mal ion particle and energy loss fractions F,.; and E,; is
described in Refs. 24-28, and the differential ion orbit loss
rates from the ion radial particle and energy fluxes are
(aFO,.,,j/ar)f,.,-. and (8E0,~bj/ 8r)Q,.j. The (local) fast beam
ion loss fraction f%! can be calculated by the same proce-
dure and is included for completeness, although beam ion
deposition in the edge pedestal is quite small. The factor of
2 in the first of Eq. (7) takes into account the inward main
ion return current from the SOL, which is necessary to
maintain charge neutrality in the presence of the beam and
thermal plasma ion orbit losses.>’

Using these radial particle and heat fluxes evaluated
with the experimental density and temperature, the experi-
mental thermal diffusivities interpreted from the measured
data can be calculated from the heat conduction relation of

Eq. (6)

Phys. Plasmas 21, 042508 (2014)

exp qu,e _ (sz,e - 0'5{}_/,er’7s9> ®)
tie = exp (07-;_?[’) B 4 (deeTp) ’

e \Tor e \Tor

where the {}; , term for ions is given in Eq. (3) or (5) and for
electrons is STF*P.

VI. APPLICATION TO A DIll-D H-MODE DISCHARGE

Data from DIII-D? ELM-free, H-mode (Edge-Localized
Mode free, High confinement mode) discharge 118897°%!
at 2140 ms were used to evaluate the above formalism in
order to assess the sensitivity of inferred ion thermal conduc-
tion flux and ion thermal diffusivities to taking into account
the above corrections for (i) convection of thermal energy,
(ii) convection of rotational energy, (iii) work done by the
flowing plasma against pressure and viscosity, and (iv) ion
orbit loss of particles and energy. The ion temperature varied
from about 650eV at rho = 0.86 to about 50eV at the sepa-
ratrix, and the electron density varied from 0.75 x 10" to
0.7 x 10"®/m’ over this range. Further details of the data
may be found in Ref. 31. The measured toroidal and poloidal
rotation velocities (for the ~4% carbon impurity) were in the
range of 1-10km/s in this shot with relatively low neutral
beam injection power. Deuterium toroidal velocities were
estimated from perturbation theory?’-** and deuterium poloi-
dal velocities were inferred from radial momentum
balance.’’

The ion conductive thermal fluxes determined by using
the experimental data to evaluate Eqgs. (1) and (3) are dis-
played in Fig. 1. The qiO is the total energy flux calculated
from the third of Eq. (1). When this flux is corrected for the
convection of ion thermal energy, the resulting conductive
flux qil is reduced substantially, but the subsequent reduc-
tion for the convection of rotational energy does not have a
large further effect on qi2. Further corrections for the work
done by the flowing plasma against the pressure and viscous
stress again cause a substantial reduction in the resulting
conductive flux qi3. (The largest part of which is from the
pressure term even though the viscous term was evaluated

4.0x10* 4
< 3.5x10° -
3.0x10"

2.5x10"

2.0x10* 4

—— qi0=Qi, total energy flux
—@— qi1=Qi-1.5I'T, less therm convection

1 0x10° | —A—qi2=Qi-r7(1 .5+(VNth)z), less rot conv

| —¥—qi3=Qi-I'T(2.5+(V/Vth)"+VII), less work
50x10°41—4 qi4:g-£T(2.5+(VNth)2+VH), ion orb loss

1.5x10*

Conductive Thermal Flux (W/m®

T T T T T T T T T T T T T T T 1
086 088 090 092 094 096 098 1.00
Normalized Radius, rho

FIG. 1. Ion thermal conduction flux.
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2.6
1 —#— chii0 using total enery flux qi0=Qi
2'4__ —@— chii1 corrected for thermal convection
—~ 2.2 | —&— chii2 corrected also for rotation conv
(2] .
& > 0_‘ —w— chii3 corrected also for work
E 47 —«¢—chii4 corrected also for ion orbit loss
2> 1.84
£ 1
‘w 1.6
2 ]
T 1.2
€ ]
o 1.0
e J
= 0.8
g ]
— 0.6
0.4+

T T T T T T T T
086 0.88 090 092 094 096 098 1.00
Normalized Radius, rho

FIG. 2. Ton thermal conduction flux

assuming a relatively large d4 ~ dg ~ 10% poloidal asym-
metry.) Finally, taking into account ion orbit loss reductions
to the total ion particle (I') and energy (Q) fluxes produces a
further significant reduction in the edge pedestal to a total
conductive ion heat flux of qi4.

Using the different values of the ion conductive heat
flux, along with the measured temperatures and density, in
Fig. 1 in Eq. (8) to interpret the ion thermal diffusivity,
results in the values displayed in Fig. 2. The chii0 results
from using the total ion energy flux qi0, the chiil from using
the qil flux corrected for convection of thermal energy, etc.
Clearly, correcting the total energy flux calculated by using
the experimental data to evaluate Qi from the third of Eq. (1)
to account for thermal energy convection, work done by the
flowing plasma against the pressure and ion orbit loss all
make a substantial difference on the interpreted ion thermal
diffusivity. In this discharge correcting for the convective
transfer of rotational energy is unimportant. (We note that
the rotation energy correction may be more important in the
core plasma, where the rotation toroidal velocities are
larger.) However, the rotation and viscous corrections would
be larger in H-mode discharges with larger directed neutral
beam injection in which experimental rotation velocities an
order of magnitude larger than those in this discharge are
found in the edge plasma.>’ (The “bump” in the curves at
rho=0.89 in Figs. 1 and 2 is an artifact of interfacing differ-
ent computational algorithms.)

Vil. SUMMARY AND CONCLUSIONS

The inferred experimental ion thermal diffusivity is
shown to be sensitive to the determination of ion conductive
heat flux. The radial ion total energy flux determined from
solving the ion energy balance equation must be corrected
for the convection of thermal and rotation energy, for the
work done by the flowing plasma against the pressure and
viscous stress, and for ion orbit loss. Each of these factors is

Phys. Plasmas 21, 042508 (2014)

shown to have a significant effect in a representative DIII-D
H-mode discharge.

ACKNOWLEDGMENTS

This work was partially supported by U.S. Department
of Energy Grant No. DE-FG02-00-ER54538. The author
gratefully recognizes the contributions of other members of
the DIII-D team who made the previously published meas-
urements used in this paper.

IG.D. Porter, R. Isler, J. Boedo, and T. D. Rognlien, Phys. Plasmas 7, 3663
(2000).

’D. P. Coster, X. Bonnin, K. Borass et al., Proceedings of 18th Fusion
Energy Conference, Sorrento, Italy, 2000 (IAEA, Vienna, 2001).

3T. Onjun, G. Bateman, A. Kritz, and G. Hammett, Phys. Plasmas 9, 5018
(2002).

*W. M. Stacey and R. J. Groebner, Phys. Plasmas 10, 2412 (2003).

SW. M. Stacey and R. J. Groebner, Phys. Plasmas 13, 072510 (2006).

SA. V. Chankin, D. P. Coster, R. Dux, G. Haas, A. Herrmann, L. D. Horton,
A. Kallenbach, M. Kaufman, Ch. Konz, K. Lackner, C. Maggi, H. W.
Muller, J. Neuhauser, R. Pugno, M. Reich, and W. Schneider, Plasma
Phys. Control. Fusion 48, 839 (2006).

T. Rafig, W. V. Pankin, G. Bateman, A. H. Kritz, and F. D. Halpern, Phys.
Plasmas 16, 032505 (2009).

8]. D. Callen, R. J. Groebner, T. H. Osborne, J. M. Canik, L. W. Owen, A.
Y. Pankin, T. Rafig, T. D. Rognlien, and W. M. Stacey, Nucl. Fusion 50,
064004 (2010).

°]. D. Callen, J. M. Canik, and S. P. Smith, Phys. Rev. Lett. 108, 245003
(2012).

191 E. Kinsey, R. E. Waltz, and D. P. Schissel, in Proceedings of 16th
Conference of Plasma Physics and Controlled Nuclear Fusion (EPS,
Geneva, 1997), Vol. I1I, p. 1081.

"'W. M. Stacey and R. J. Groebner, Phys. Plasmas 11, 1511 (2004).

2w. M. Stacey, Contrib. Plasma Phys. 48, 94 (2008).

Bw. M. Stacey, Fusion Plasma Physics, 2nd ed. (Wiley-VCH, Weinheim,
2012), Chap. 5.

'4S. 1. Braginskii, in Reviews of Plasma Physics (Consultants Bureau, New
York, 1965), Vol. I, p. 495.

'SP. Helander and D. J. Sigmar, Collisional Transport in Magnetized
Plasmas (Cambridge University Press, Cambridge, 2002).

1oW. M. Stacey, Fusion Plasma Physics, 2nd ed. (Wiley-VCH, Weinheim,
2012), chap. 10.

"7W. M. Stacey and D. J. Sigmar, Phys. Fluids 28, 2800 (1985).

Bw. M. Stacey, A. W. Bailey, D. J. Sigmar, and K. C. Shaing, Nucl. Fusion
25,463 (1985).

w. M. Stacey, R. W. Johnson, and J. Mandrekas, Phys. Plasmas 13,
062508 (2006).

2°C. Bae, W. M. Stacey, and W. M. Solomon, Nucl. Fusion 53, 043011
(2013).

2lc. Bae, W. M. Stacey, S. G. Lee, and L. Terzolo, Phys. Plasmas 21,
012504 (2014).

225, Weiland, Collective Modes in Inhomogeneous Plasma (IOP Press,
Bristol, 2000).

2W. M. Stacey, R. J. Groebner, and T. E. Evans, Nucl. Fusion 52, 114020
(2012).

24K. Miyamoto, Nucl. Fusion 36, 927 (1996).

2W. M. Stacey, Phys. Plasmas 18, 102504 (2011).

26W. M. Stacey, Nucl. Fusion 53, 063011 (2013).

2TW. M. Stacey, Phys. Plasmas 20, 092508 (2013).

28W. M. Stacey, Phys. Plasmas 21, 014502 (2014).

293. Luxon, Nucl. Fusion 42, 614 (2002).

3OW. M. Stacey and R. J. Groebner, Phys. Plasmas 15, 012503 (2008).

l'w. M. Stacey, M.-H. Sayer, J.-P. Floyd, and R. J. Groebner, Phys. Plasmas
20, 012509 (2013).


http://dx.doi.org/10.1063/1.1286509
http://dx.doi.org/10.1063/1.1518474
http://dx.doi.org/10.1063/1.1575233
http://dx.doi.org/10.1063/1.2217264
http://dx.doi.org/10.1088/0741-3335/48/6/010
http://dx.doi.org/10.1088/0741-3335/48/6/010
http://dx.doi.org/10.1063/1.3088027
http://dx.doi.org/10.1063/1.3088027
http://dx.doi.org/10.1088/0029-5515/50/6/064004
http://dx.doi.org/10.1103/PhysRevLett.108.245003
http://dx.doi.org/10.1063/1.1677132
http://dx.doi.org/10.1002/ctpp.200810016
http://dx.doi.org/10.1063/1.865240
http://dx.doi.org/10.1088/0029-5515/25/4/007
http://dx.doi.org/10.1063/1.2212391
http://dx.doi.org/10.1088/0029-5515/53/4/043011
http://dx.doi.org/10.1063/1.4848175
http://dx.doi.org/10.1088/0029-5515/52/11/114020
http://dx.doi.org/10.1088/0029-5515/36/7/I09
http://dx.doi.org/10.1063/1.3640506
http://dx.doi.org/10.1088/0029-5515/53/6/063011
http://dx.doi.org/10.1063/1.4820954
http://dx.doi.org/10.1063/1.4861612
http://dx.doi.org/10.1088/0029-5515/42/5/313
http://dx.doi.org/10.1063/1.2830653
http://dx.doi.org/10.1063/1.4775601

